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A BOUND ON THE NORM OF OVERCONVERGENT p-ADIC MULTIPLE
POLYLOGARITHMS
DAVID JAROSSAY
Abstract. We generalize the definition of overconvergent p-adic multiple polylogarithms and of p-
adic cyclotomic multiple zeta values and we prove a bound on their norm. A byproduct of the proof
is a characterization of these objects in terms of certain regularized p-adic iterated integrals. The
generalization of the definition consists in replacing the underlying Frobenius structure by its iterations.
The bound on the norms of overconvergent p-adic multiple polylogarithms that we obtain is a prerequisite
for our subsequent papers on p-adic cyclotomic multiple zeta values.
This is Part I-1 of p-adic cyclotomic multiple zeta values and p-adic pro-unipotent harmonic actions.
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0. Introduction
0.1. Cyclotomic multiple zeta values and multiple polylogarithms. Cyclotomic multiple zeta
values are the following complex numbers, where (ni)d = (n1, · · · , nd) is a tuple of positive integers, and
1
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(ξi)d = (ξ1, · · · , ξd) is a tuple of N -th roots of unity, where N is a positive integer and (ξd, nd) 6= (1, 1) :
(0.1) ζ
(
(ni)d; (ξi)d
)
=
∑
0<m1<...<md
(
ξ2
ξ1
)m1
. . .
(
1
ξd
)md
mn11 . . .m
nd
d
Denoting by n = nd + · · ·+ n1 and (ǫn, . . . , ǫ1) = (0, . . . , 0︸ ︷︷ ︸
nd−1
, ξd, . . . , 0, . . . , 0︸ ︷︷ ︸
n1−1
, ξ1), we have
(0.2) ζ
(
(ni)d; (ξi)d
)
= (−1)d
∫ 1
tn=0
dtn
tn − ǫn
∫ tn
tn−1=0
. . .
∫ t2
t1=0
dt1
t1 − ǫ1
Equation (0.2) shows that cyclotomic multiple zeta values are periods of the comparison between the
Betti and De Rham realizations of the pro-unipotent fundamental groupoid (πun1 ) of P
1 \ {0, µN ,∞}
([DG], §5.16).
Multiple polylogarithms ([G]) are the following power series, which are convergent for z ∈ C such that
|z| < 1 :
(0.3) Li
(
(ni)d; (ξi)d
)
(z) = (−1)d
∑
0<m1<...<md
(
ξ2
ξ1
)m1
. . .
(
z
ξd
)md
mn11 . . .m
nd
d
They are solutions to the KZ equation on P1 \ {0, µN ,∞} :
(0.4) dLi
(
(ni)d; (ξi)d
)
(z) =

dz
z
Li
(
(ni)d−1, nd − 1; (ξi)d
)
if nd > 2
dz
z − ξd
Li
(
(ni)d−1; (ξi)d−1
)
if nd = 1
Multiple polylogarithms can be extended to multivalued holomorphic functions on (P1\{0, µN ,∞})(C)
[G], defined as iterated path integrals in the sense of Chen [Che] (with a regularization if needed) : for
γ : [0, 1]→ P1(C) a differentiable topological path such that γ
(
(0, 1)
)
∈ (P1 \ {0, µN ,∞})(C), let
(0.5) Li
(
(ni)d; (ξi)d
)
(γ) =
∫ 1
tn=0
γ∗(
dz
z − ǫn
)(tn)
∫ tn
tn−1=0
. . .
∫ t2
t1=0
γ∗(
dz
z − ǫ1
)(t1)
0.2. p-adic cyclotomic multiple zeta values, p-adic multiple polylogarithms and their over-
convergent variants. Let p be a prime number which does not divide N . Let K be a totally unramified
finite extension of Qp containing the N -th roots of unity in Qp. The KZ equation (0.4) has a Frobenius
structure over K, and this defines the crystalline pro-unipotent fundamental groupoid of P1 \ {0, µN ,∞}
([D] §11, [CL], [S1], [S2]).
The theory of Coleman integration ([Co], [Bes], [V]) enables, by means of this Frobenius structure,
to define p-adic analogues of the integrals (0.2) and (0.5) : this defines p-adic cyclotomic multiple zeta
values ζKZp
(
(ni)d; (ξi)d
)
∈ K and p-adic multiple polylogarithms LiKZp
(
(ni)d; (ξi)d
)
([F1],[F2] for N = 1,
[Y] for any N) (from now on we drop the assumption (nd, ξd) 6= (1, 1) used above). The power series
expansion of LiKZp
(
(ni)d; (ξi)d
)
at 0 is convergent for z ∈ K such that |z|p < 1 and is identical to (0.3).
Our goal in this paper is to give the foundations of an explicit theory of p-adic cyclotomic multiple
zeta values. For computations and explicit formulas, it is more convenient to consider another type of
p-adic analogues of the integrals (0.2) and (0.5). Let α be a positive integer. We consider the ”Frobenius
of the KZ equation iterated α times” (Definition 1.1.2), and we define the associated p-adic cyclotomic
multiple zeta values (Definition 1.2.2), as numbers
(0.6) ζp,α
(
(ni)d; (ξi)d) ∈ K
The simple relation between ζp,α and ζ
KZ
p is explained in [J.I-3] (see also [Y], Proposition 3.10 and [F2],
Theorem 2.8) for particular cases. We also define (Definition 1.2.5) the overconvergent p-adic multiple
polylogarithms
(0.7) Li†p,α
(
(ni)d; (ξi)d)
which are overconvergent rigid analytic functions on a certain convenient affinoid subspace of P1,an/K.
The definitions of ζp,α and Li
†
p,α generalize definitions in [DG], [U1] for N = 1, and in [Y], [U2] for any
N , which correspond to particular values of α.
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0.3. Summary of the paper. The setting and definitions are established in §1. An expression of Li†p,α
in terms of LiKZp and ζp,α, equation (2.1.4), is established and studied in §2. We introduce and study a
notion of regularized p-adic iterated integrals (§3), and, using §2 and §3, we characterize Li†p,α and ζp,α
in terms of regularized iterated integrals (§4). This characterization gives our main result, which is a
prerequisite for our explicit theory of p-adic cyclotomic multiple zeta values, established in [J.I-2], [J.I-3]
and subsequent papers.
In the statement below, the norm || || used is the norm on the K-algebra of global rigid analytic func-
tions on the affinoid Uan = P1,an \∪ξ∈µN (K)B(ξ, 1) over K defined in terms of the power series expansion
at 0 as ||
∑
m∈N
amz
m|| = sup
m∈N
|am|p. Here B(ξ, 1) = {z ∈ K | |z − ξ|p < 1}.
A word of depth d and weight n is a sequence w =
(
(ni)d; (ξi)d) as above, with n1 + . . .+ nd = n.
Theorem. For any d ∈ N∗, we have max
w word
weight(w)=n
depth(w)=d
||Li†p,α(w)|| →n→∞
0.
An explicit upper bound for any ||Li†p,α(w)|| can be obtained by our proof ; however, what we need
for [J.I-2] and subsequent papers is only the above information. Our method also gives bounds on the
norms |ζp,α(w)|p (§4.2), but this is not needed for our subsequent papers. In the N = 1 case, a more
precise bound on |ζp,α(w)|p can be deduced from the works of Akagi-Hirose-Yasuda [AHY] and Chatsiz-
tamatiou [Cha], who use completely different methods and work with lifts of Frobenius-invariant paths.
Appendix A is a description of the K-algebra of global rigid analytic function of the space Uan men-
tioned above, which arises as a reformulation of a classical theorem of Mahler [M] in terms of the rigid
analytic space Uan. It is a prerequisite for §3 and §4. We will investigate its further meaning in terms of
more general rigid analytic spaces in a subsequent paper.
Appendix B is a byproduct of the proof : considering all p’s and α’s at the same time, and we define
a certain explicit space of adelic sums of series, which plays the role of a p-adic analogue of the type of
series appearing in (0.1) and enables to express the overconvergent p-adic multiple polylogarithms, resp.
the p-adic cyclotomic multiple zeta values ; it will reappear in all our explicit theory of p-adic cyclotomic
multiple zeta values.
The strategy of the paper is inspired by a strategy for computing p-adic cyclotomic multiple zeta
values, suggested by Deligne in depth one in his foundational paper [D], §19.6, and then used by U¨nver in
[U1], [U2], in depth one and two. U¨nver’s paper [U3], which deals with the N = 1 case, was written at the
same time with the present paper, and [U4] appeared after the present paper ; the main result of [U1] [U2]
[U3] [U4] is an algorithm to compute p-adic cyclotomic multiple zeta values (Theorem 1.1 of [U4]), which
is implied by the results of the present paper. The explicit formulas for p-adic cyclotomic multiple zeta
values which we can deduce from our proof, as well as those in [J.I-2] and [J.I-3], are different from U¨nver’s.
Acknowledgments. I thank Francis Brown for having asked me to compute p-adic multiple zeta values.
I thank Sinan U¨nver for his encouragements and answers to my questions during discussions on this paper
in 2013 and in 2014. I thank Pierre Cartier for encouragements in 2014 and 2015, and Jean-Pierre Serre
for a remark communicated to me by Pierre Cartier in 2014, which led me to write the Appendix A. I
have been helped in computer experiments independently by Aurel Page and by Annick Valibouze and
also had helpful mathematical discussions with them in 2013. I thank an anonymous referee for impor-
tant remarks and suggestions. This work has been written from 2012 to 2016 and revised afterwards, at
Universite´ Paris Diderot, Universite´ de Strasbourg and Universite´ de Gene`ve with, respectively, support
of ERC grant 257638, Labex IRMIA and NCCR SwissMAP.
1. Definitions
We review some the pro-unipotent fundamental groupoid of P1 \ {0, µN ,∞} (§1.1), and we generalize
the definition of p-adic cyclotomic multiple zeta values (§1.2) and of overconvergent p-adic multiple
polylogarithms (§1.3) by replacing the Frobenius by the ”iterated Frobenius”, which depends on the
number of iterations α in N∗ ∪−N∗.
1.1. Preliminaries on the pro-unipotent fundamental groupoid of P1 \ {0, µN ,∞}.
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1.1.1. Non-commutative formal power series and shuffle Hopf algebras. For any Q-algebra C, and any
set of formal variables a = {a1, · · · , ar}, let C〈a1, . . . , ar〉, resp. C〈〈a1, . . . , ar〉〉 be the non-commutative
C-algebra of polynomials, resp. of formal power series over the non-commuting variables a1, . . . , ar, with
coefficients in C. Let Wd(a) be the set of words over the alphabet a = {a1, . . . , ar}, including the empty
word ∅. It is a basis of the free C-module C〈a1, . . . , ar〉.
Notation 1.1.1. For f = f(a1, . . . , ar) ∈ C〈〈a1, . . . , ar〉〉 and w ∈Wd(a), let f [w] ∈ C be the coefficient
of w in f ; i.e. we have f =
∑
w∈Wd(a)
f [w]w. The notation f [w] extends to linear combinations of words
by linearity.
The shuffle Hopf algebraOx,a is the Q-vector space Q〈a1, . . . , ar〉, graded by the length of words over a,
endowed with the shuffle product x defined by (ain+n′ . . . ain+1) x (ain . . . ai1) =
∑
σ
ai
σ−1(n+n′)
. . . ai
σ−1(1)
where the sum is over permutations σ of {1, . . . , n + n′} such that σ(n) > . . . > σ(1) and σ(n + n′) >
. . . > σ(n + 1) ; the deconcatenation coproduct ∆ : ain . . . ai1 7→
∑n
n′=0 ain . . . ain′+1 ⊗ ain′ . . . ai1 ; the
counit ǫ equal to the augmentation map ; the antipode S : ain . . . ai1 7→ (−1)
nai1 . . . ain . (We order the
words from the right to the left in order to follow the conventions in the literature on p-adic multiple zeta
values.) We have
(1.1.1)
Spec(Ox,a)(C) = {f ∈ C〈〈a1, . . . , ar〉〉 | ∀w,w′ ∈Wd(a), f [w x w′] = f [w]f [w′], and f [∅] = 1}
1.1.2. The groupoid πun,DR1 (P
1 \ {0, µN ,∞}) and the canonical base-point ωDR. The De Rham pro-
unipotent fundamental groupoid (πun,DR1 ) of smooth algebraic varieties over a field of characteristic zero
is defined in [D], §10.27, §10.30,(ii). Let X be P1 \ {0, µN ,∞} over a field K of characteristic zero which
contains a primitive N -th root of unity. The De Rham pro-unipotent fundamental groupoid of X is a
groupoid in pro-affine schemes over X , with the following base-points : the points of X , the points of
punctured tangent spaces Tx−{0}, x ∈ {0,∞}∪µN (K) called tangential base-points ([D], §15), and the
canonical base-point ωDR ([D], (12.4.1)).
Namely, if x, y are two base-points, we have a pro-affine scheme over Z denoted πun,DR1 (X, y, x),
whose points are called the pro-unipotent De Rham paths from x to y ; we denote by πun,DR1 (X,x) =
πun,DR1 (X,x, x), which is a pro-unipotent group scheme ; if x, y, z are three base-points, we have a groupoid
multiplication which is a morphism of schemes πun,DR1 (X, z, y)× π
un,DR
1 (X, y, x)→ π
un,DR
1 (X, z, x) ; the
groupoid multiplication makes each πun,DR1 (X, y, x) into a bi-torsor under (π
un,DR
1 (X, y), π
un,DR
1 (X,x)).
(Following the convention of [D] and [DG], we denote the groupoid multiplication from the right to the
left.)
By [D], §12, we have canonical isomorphisms of schemes πun,DR1 (X, y, x) ≃ π
un,DR
1 (X,ωDR), which
are compatible with the groupoid structure, and, canonical paths y1x ∈ π
un,DR
1 (X, y, x)(K), which are
compatible with the groupoid structure.
This reduces the description of the groupoid πun,DR1 (X) to the one of the group scheme π
un,DR
1 (X,ωDR).
By [D], §12.9, the affine group scheme Π = πun,DR1 (X,ωDR) is canonically isomorphic to the exponential
of the completed free Lie algebra over the generators ex, x ∈ {0} ∪ µN (K). This is also Spec(O
x,e0∪µN )
where e0∪µN is the alphabet {ex | x ∈ {0} ∪ µN (K)}. This object is described explicitly by §1.1.1.
1.1.3. The KZ connection and its canonical formal solution. By [D], (12.5.5), (12.12.1), one has the
following canonical connection on πun,DR1 (X,ωDR) × X called the Knizhnik-Zamolodchikov connection
and denoted by ∇KZ, which appeared in equation (0.4):
(1.1.2) f 7→ df −
(
e0
dz
z
+
∑
ξ∈µN (K)
eξ
dz
z − ξ
)
f
It has a canonical formal solution Li ∈ K[[z]][log(z)]〈〈e0∪µN 〉〉, whose coefficient Li[e
nd−1
0 eξd . . . e
n1−1
0 eξ1 ]
is the power series (0.3), and whose coefficient Li[e0] is log(z).
The cyclotomic multiple harmonic sums are the numbers which arise as coefficients in the power series
(0.3) :
(1.1.3) hm
(
(ni)d; (ξi)d+1
)
= mn1+...+nd
∑
0<m1<...<md<m
(
ξ2
ξ1
)m1
. . .
( ξd+1
ξd
)md( 1
ξd+1
)m
mn11 . . .m
nd
d
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where m, d and the ni’s are positive integers and the ξi’s are N -th roots of unity.
1.1.4. Iterations of the crystalline Frobenius of πun,DR1 (XK). The notion of crystalline π
un
1 is first defined
in [D], §11, §13.6, as an enrichment by a crystalline Frobenius structure of the notion of πun,DR1 . Variants
of this notion, defined more directly and in Tannakian terms, are given in [CL] and in [S1] [S2]. We follow
the point of view of [D] which is the most elementary one.
Let p be a prime number which does not divide N . Let k = Fq, a finite field of characteristic p,
which contains a primitive N -th root of unity. Let R = W (k) its ring of Witt vectors ; it is the ring
generated by Zp and the roots of unity of order prime to p whose reduction is in Fq. Let K be the field
of fractions of R, equal to the field generated by Qp and the same roots of unity. Let Xk, XR and XK
be P1 \ {0, µN ,∞} over, respectively, k, R and K. Let σ : R→ R be the Frobenius automorphism of R,
which lifts the p-th power Frobenius of k. We denote also by σ : K → K its extension to K. It is an
automorphism of K which is an isometry for the p-adic metric.
Let α be a positive integer, and σα = σ ◦ · · · ◦ σ︸ ︷︷ ︸
α
. For any ξ ∈ µN (K), we have σα(ξ) = ξp
α
. Let
X
(pα)
R be the pull-back of XR by σ
α and X
(pα)
K = X
(pα)
R ×SpecR SpecK. By functoriality of the De Rham
pro-unipotent fundamental groupoid, the description of πun,DR1 (XK) given in §1.1.1 provides a similar
description of πun,DR1 (X
(pα)
K ). We denote by ω
(pα)
DR the pull-back of the canonical base-point ωDR by σ
α.
We denote by O
x,e
0∪µ
(pα)
N the Hopf algebra of πun,DR1 (X
(pα)
K , ω
(pα)
DR ) : this is the shuffle Hopf algebra over
the alphabet e
0∪µ
(pα)
N
= {e0}∪ {eξ(pα) | ξ ∈ µN (K)} (we write ξ
(pα) and not ξp
α
in order to keep track of
the fact that we are working onX
(pα)
K and not onXK ; this will be useful : see Definition 2.2.1). We denote
by ∇
(pα)
KZ the pull-back of the KZ equation by σ
α, namely, the connection on πun,DR1 (X
(pα)
K , ω
(pα)
DR )×X
(pα)
K
defined by
(1.1.4) f 7→ df −
(
e0
dz′
z′
+
∑
ξ∈µN (K)
eξ(pα)
dz′
z′ − ξpα
)
f
By [D], §13.6, the crystalline Frobenius of πun,DR1 (XK) is a canonical σ-linear isomorphism of groupoids
φ : πun,DR1 (X
(p)
K )
∼
−→ πun,DR1 (XK)
equal to the inverse of the Frobenius FX/K∗ defined in [D] §11.11 (11.11.2), (11.11.3). We propose to
study, more generally, the following :
Definition 1.1.2. For α a positive integer, let φα = φ ◦ σ∗(φ) ◦ · · · ◦ (σα−1)∗(φ) and φ−α = φ−1α .
φα is a canonical σ
α-linear isomorphism πun,DR1 (X
(pα)
K )
∼
−→ πun,DR1 (XK).
For α divisible by the integer log(q)log(p) , i.e. α such that p
α is a power of q, we have σα = id ; in particular,
the source and target of φα are equal, and φα and is an iteration of φ log(q)
log(p)
. More generally, for any
positive integer α, we will abusively call φ±α an ”iteration of φ±1”.
1.2. p-adic cyclotomic multiple zeta values, p-adic multiple polylogarithms and their overcon-
vergent variants : definitions. In the definitions, we use the canonical isomorphisms πun,DR1 (X, y, x) ≃
πun,DR1 (XK , ωDR) = Spec(O
x,e0∪µN ) mentioned in §1.1.2.
1.2.1. p-adic cyclotomic multiple zeta values. We now generalize the notion of p-adic cyclotomic multiple
zeta values, by replacing the Frobenius by the iterated Frobenius. Below, ~vx means the tangent vector ~v
at x ; it is a tangential base-point of πun,DR1 (XK) in the sense reviewed in §1.1.2.
Notation 1.2.1. (i) ([DG], §5) For all x ∈ {0} ∪ µN (K), let Πx,0 = π
un,DR
1 (XK ,~1x,~10)(K)
(ii) For all x ∈ {0} ∪ µN (K), let Π
(pα)
xpα ,0
= πun,DR1 (X
(pα)
K ,~1xpα ,~10)(K)
(iii) ([DG], §5.16) Let τ : Gm(Q)×K〈〈e0∪µN 〉〉 → K〈〈e0∪µN 〉〉 be the group action defined by
(λ, f
(
(ex)x∈{0}∪µN (K)) 7→ f
(
(λex)x∈{0}∪µN (K)).
The map τ multiplies the coefficient of a word w in a power series f ∈ K〈〈e0∪µN 〉〉 by λ
weight(w), where
the weight of a word is its number of letters.
The p-adic cyclotomic multiple zeta values can be defined as coefficients of the unique element of
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Π1,0(K) which is invariant by φ log(q)
log(p)
([F1] Definition 2.17, [F2] Theorem 2.5, for N = 1 ; [Y] Definition
2.4 and §3.3 for any N). That point of view follows the theory of Coleman integration [Co], [Bes], [V] ;
we will study that notion and relate it to the one below in [J.I-3].
Alternatively, p-adic cyclotomic multiple zeta values can be defined as coefficients of the image by the
Frobenius of the canonical path in Π1,0(K) in the sense introduced in §1.1.2. This has been defined for
N ∈ {1, 2}, α = 1 ([DG] §5.28) ; N = 1, α = −1 ([U1] ,§1) ; any N and α = log(q)log(p) , ([Y], Definition 3.1) ;
any N and α = −1 ([U2], §2.2.3). We generalize these definitions. Below, the notation y1x refers to the
canonical path from x to y.
Definition 1.2.2. For any positive integer α, let
Φp,α =
(
τ(pα) ◦ φα
)
(~111~10) ∈ Π1,0(K)
Φp,−α = φ−α(~111~10) ∈ Π
(pα)
1,0 (K)
Let p-adic cyclotomic multiple zeta values be the following numbers, where the ni’s are positive integers
and the ξi’s are N -th roots of unity :
ζp,α
(
(ni)d; (ξi)d
)
= (−1)dΦp,α[e
nd−1
0 eξd . . . e
n1−1
0 eξ1 ] ∈ K
ζp,−α
(
(ni)d; (ξ
(pα)
i )d
)
= (−1)dΦp,−α[e
nd−1
0 eξ(p
α)
d
. . . en1−10 eξ(p
α)
1
] ∈ K
Here, the presence of the factor τ(pα) is our convention which is meant to be adapted to the compu-
tations in our subsequent papers.
We generalize to our p-adic cyclotomic multiple zeta values the conjectural description of their algebraic
relations stated for α = 1, N = 1, [DG], and which is implicit in [Y] for any N and α = log(q)log(p) .
Conjecture 1.2.3. For any positive integer α the correspondence ζp,α(w) 7→ ζ(w) defines an isomorphism
of algebras over the N -th cyclotomic field, from the algebra generated by the p-adic cyclotomic multiple
zeta values ζp,α(w), to the algebra generated by cyclotomic multiple zeta values (0.1) moded out by the
ideal generated by ζ(2).
1.2.2. p-adic multiple polylogarithms. The p-adic multiple polylogarithms are defined as coefficients of
Frobenius-invariant paths, namely, i.e. they are Coleman integrals, as are the numbers ζKZp evoked in
§1.2. Let us fix a determination logp of the p-adic logarithm. Let Li
KZ
p,XK resp. Li
KZ
p,X
(pα)
K
be the unique
non-commutative generating series of Coleman functions on XK , resp. X
(pα)
K , relatively to the chosen
determination of logp, which is a horizontal section of ∇KZ resp. ∇
(pα)
KZ and satisfies the asymptotics
LiKZp,XK (z) ∼z→0
ee0 logp(z), resp. LiKZ
p,X
(pα)
K
(z) ∼
z→0
ee0 logp(z). The coefficients of these formal power series
are called p-adic multiple polylogarithms (for N = 1 and depth 1, [Co] ; for N = 1, [F1] Theorem 3.3 ;
for any N , [Y], Proposition 2.6).
For z ∈ K such that |z|p < 1, one has the following power series expansion (compare with (0.3) and
see also equation (1.1.3)) :
LiKZp,XK [e
nd−1
0 eξd . . . e
n1−1
0 eξ1 ](z) = (−1)
d
∑
0<m1<...<md
(
ξ2
ξ1
)n1
. . .
(
ξd
ξd−1
)nd−1( z
ξd
)nd
mn11 . . .m
nd
d
LiKZ
p,X
(pα)
K
[end−10 eξ(p
α)
d
. . . en1−10 eξ(p
α)
1
](z) = (−1)d
∑
0<m1<...<md
( ξpα2
ξp
α
1
)n1
. . .
( ξpα
d
ξp
α
d−1
)nd−1( z
ξp
α
d
)nd
mn11 . . .m
nd
d
The expression of LiKZp,XK and Li
KZ
p,X
(pα)
K
in terms of Frobenius-invariant paths can be found in [F2],
Theorem 2.3 for N = 1. We note that, in this paper, LiKZp,XK and Li
KZ
p,X
(pα)
K
are the only objects which
depend on a choice of determination of the p-adic logarithm.
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1.2.3. Overconvergent variants of p-adic multiple polylogarithms associated with the iterated Frobenius.
The overconvergent variants of p-adic multiple polylogarithms are defined by means of the images of
the canonical De Rham paths by the Frobenius, like the numbers ζp,α (Definition 1.2.2), but at variable
base-points. This requires to choose an affinoid subspace of P1,an/K.
Notation 1.2.4. Let Uan be the affinoid rigid analytic space (P1,an−∪ξ∈µN (K)B(ξ, 1))/K, where B(ξ, 1)
is the disk of points whose reduction modulo p is ξ.
Let A(Uan) resp. A†(Uan) be the K-algebra of global rigid analytic functions resp. overconvergent global
rigid analytic functions over Uan. They are Banach K-algebras with the norm defined in terms of the
power series expansion at 0 by ||
∑
cmz
m|| = supm∈N |cm|p.
Let F be the σ-linear lift of Frobenius on A(Uan) defined by f(z) 7→ f(zp).
The space Uan is considered first in [D] §19.6 for N = 1, and in [Y] for any N , and used later in
Furusho’s and U¨nver’s papers on pMZVµN ’s.
In the next definition, the left multiplication by a canonical path below is a convention will be practical
for the computations in §2.1. This definition generalizes particular cases in [D], §19.6, [U1], [U2] and [Y].
Definition 1.2.5. For α a positive integer, for z ∈ Uan(K),
Li†p,α(z) = ~101zp
α .φα(z1~10) ∈ Π0,0(K)
Li†p,−α(z) = ~101zp
α .φ−α(z1~10) ∈ Π
(pα)
0,0 (K)
The overconvergent p-adic multiple polylogarithm are the following functions, where the ni’s are positive
integers and the ξi’s are N -th roots of unity :
Li†p,α
(
(ni)d; (ξi)d
)
= (−1)d Li†p,α[e
nd−1
0 eξd . . . e
n1−1
0 eξ1 ] ∈ A
†(Uan)
Li†p,−α
(
(ni)d; (ξ
(pα)
i )d
)
= (−1)d Li†p,−α[e
nd−1
0 eξ(p
α)
d
. . . en1−10 eξ(p
α)
1
] ∈ A†(Uan)
Remark 1.2.6. In the case of P1 \ {0, 1,∞}, i.e. N = 1, the space Uan is equal to P1,an \ B(1, 1), and
there exists another natural choice of affinoid subspace, namely P1,an \ B(∞, 1), equal to the analytic
unit disk Zanp . Those two spaces differ by the homography z 7→
z
z−1 , which sends (0, 1,∞) 7→ (0,∞, 1).
The reason for choosing Uan instead of Zanp is that working with Z
an
p would require to replace f(z) 7→ f(z
p)
in Notation 1.2.4 by f(z) 7→ f( z
p
zp−(z−1)p ), i.e. the conjugation of f(z) 7→ f(z
p) by f(z) 7→ f( zz−1 ), which
would make more complicated the computations in the next sections.
In the rest of this text, we focus of the objects defined through positive number of iterations of the
Frobenius, i.e. ζp,α and Li
†
p,α with α a a positive integer. One has similar results and proofs for ζp,−α and
Li†p,−α, which are left to the reader. We will refer to ζp,−α and Li
†
p,−α in [J.I-3], where they will appear
naturally.
2. Overconvergent p-adic multiple polylogarithms and iterated integrals
The formal properties of the Frobenius imply an expression of the overconvergent p-adic multiple
polylogarithms in terms of p-adic cyclotomic multiple zeta values and p-adic multiple polylogarithms
(Proposition 2.1.3) ; we encode it as an expression of overconvergent p-adic multiple polylogarithms in
terms of certain p-adic iterated integrals, which is inductive with respect to the weight (Proposition 2.2.3).
Notation 2.0.1. ωz0(z) =
dz
z−z0
for all z0 ∈ {0} ∪ µN (K).
2.1. The differential equation satisfied by overconvergent p-adic multiple polylogarithms.
By [D], §11.11, the Frobenius φ is characterized by the fact that it commutes with the connections ∇KZ
and ∇
(pα)
KZ . In this paragraph, we make this commutation property explicit. According to [D], §11.9, this
amounts to write a collection of differential equations satisfied by the Frobenius, one for each element
of an open affinoid covering of P1,an/K, and gluing them. For our purposes, it will actually be enough
to consider the affinoid subspace Uan of §1.3, and only the values of the Frobenius at canonical paths,
namely, the overconvergent p-adic multiple polylogarithms.
We will view the KZ connection as a connection on Π0,0 ×X . Thus, let us write it the Frobenius on
Π0,0(K), in terms of p-adic cyclotomic multiple zeta values.
8 DAVID JAROSSAY
Notation 2.1.1. For any ξ ∈ µN (K), let f 7→ f
(ξ) the map Π1,0(K) → Πξ,0(K) induced by the
functoriality of πun,DR1 (XK) with respect to the automorphism z 7→ ξz of XK .
Lemma 2.1.2. The map τ(pα)φα sends e0 ∈ Lie(Π
(pα)
0,0 ) to e0 and, for all ξ ∈ µN (K), it sends eξ(pα) ∈
Lie(Π
(pα)
0,0 ) to AdΦ(ξ)p,α
(eξ) = {Φ
(ξ)
p,α}−1eξΦ
(ξ)
p,α.
(We denote {Φ
(ξ)
p,α}−1eξΦ
(ξ)
p,α by AdΦ(ξ)p,α
(eξ) and not by Ad{Φ(ξ)p,α}−1
(eξ) in order to be coherent with the
fact that we read the groupoid multiplication from the right to the left.)
Proof. Let x ∈ {0} ∪ µN (K) and Tx be the tangent space to P1 at x. We have Tx \ {0} ≃ Gm, and
thus by [D], §12, πun,DR1 (Tx \ {0}) admits a canonical base-point ωDR satisfying all the properties of §1.1
such that we have πun,DR1 (Tx \ {0}, ωDR) = Spec(O
x,{e0}). It is endowed with the canonical connection
on πun,DR1 (Tx \ {0}, ωDR)× Tx \ {0} defined by f 7→
dz
z exf , whose crystalline Frobenius structure is the
trivial one given by ex 7→
1
pex.
By the compatibility between the Frobenius and the tangential base-points ([D], §15), for each ξ ∈
µN (K), we have
(2.1.1) φα : eξ(pα) ∈ Lie(Π
(pα)
ξ,ξ ) 7→
1
pα
eξ ∈ Lie(Πξ,ξ)
By the compatibility between canonical paths and the groupoid structure of πun,DR1 (XK), we have the
following equality, where, in the left-hand side eξ(pα) ∈ Lie(Π0,0) and, in the right-hand side, eξ(pα) ∈
Lie(Πξ(pα),ξ(pα)) :
(2.1.2) eξ(pα) = (01ξ(pα))eξ(pα)(ξ(pα)10)
We apply τ(pα) ◦ φα to equation (2.1.2) : by the compatibility between the Frobenius with the
groupoid structure of πun,DR1 (X
(pα)
K ), this gives (τ(p
α) ◦ φα)(e
(pα)
ξ ) = (τ(p
α) ◦ φα)(01ξ(pα)) . (τ(p
α) ◦
φα)(eξ(pα)) . (τ(p
α) ◦ φα)(ξ(pα)10) ; by Definition 1.2.2 and equation (2.1.1), we obtain the result. 
The above Lemma generalizes a known fact (N ∈ {1, 2} and α = 1, [DG] §5.28 ; N = 1 and α = −1,
[U1], §4.3 ; any N and α = log(q)log(p) , [Y] ; any N and α = −1, [U2], equation (2.2.6)).
The differential equation which characterizes the Frobenius can be formulated as a differential equa-
tion satisfied by Li†p,α, or as a functional relation involving p-adic multiple polylogarithms and their
overconvergent variants. We use Notation 2.0.1.
Proposition 2.1.3. We have :
(2.1.3)
dLi†p,α =
(
pαω0(z)e0+
∑
ξ∈µN (K)
pαωξ(z)eξ
)
Li†p,α−Li
†
p,α
(
ω0(z
pα)e0+
∑
ξ∈µN (K)
ωξpα (z
pα){Φ(ξ)p,α}
−1eξΦ
(ξ)
p,α
)
Equivalently,
(2.1.4) Li†p,α(z) = Li
KZ
p,XK (z)
(
(pαex)x∈{0}∪µN (K)) Li
KZ
p,X
(pα)
K
(zp
α
)
(
e0, ({Φ
(ξ)
p,α}
−1eξΦ
(ξ)
p,α)ξ∈µN (K))
)−1
Proof. By [D], §7.30.2S, we view the KZ connection as the connection on the trivial bundle Π0,0 ×XK
with values in LieΠ0,0 ⊗ Ω1(XK) given by
(2.1.5) f 7→ f−1
(
df −
(
e0ω0 +
∑
ξ∈µN (K)
eξωξ
)
f
)
By [D] §11.11, the Frobenius φ commutes with the connections, which gives the commutativity of the
following diagram (where F is as in Notation 1.2.4)
(2.1.6)
(Fα)∗
(
Π
(pα)
0,0 (K)×A(U
an)
) φα
−−−−−−−−→ Π0,0(K)×A(Uan)y(Fα)∗∇(pα)KZ y∇KZ
(Fα)∗
(
Lie(Π
(pα)
0,0 (K))⊗ Ω
1(XanK )
) φα⊗id
−−−−−−−−→ LieΠ0,0(K)⊗ Ω1(XanK )
We apply the arrows of (2.1.6) to the canonical De Rham path z1~10 :
(a) The canonical De Rham path z1~10 is mapped by (F
α)∗∇
(pα)
KZ to−ω0(z
pα)e0−
∑
ξ∈µN (K)
ωξ(z
pα)eξ(pα)
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(by equation (2.1.5)), which is mapped by φα⊗ id to
1
pα
ω0(z)e0−
∑
ξ∈µN (K)
ωξj (z)
1
pα
Ad
τ(p−α)Φ
(ξ)
p,α
(eξ) (by
Lemma 2.1.2).
(b) The canonical De Rham path z1~10 is mapped by φ
α to τ(p−α) Li†p,α (by Definition 1.2.5), which
is mapped by ∇KZ to (τ(p
−α) Li†p,α)
−1
(
dτ(p−α) Li†p,α−
(
ω0(z)e0 +
∑
ξ∈µN (K)
ωξ(z)eξj
)
τ(p−α) Li†p,α
)
(by
equation (2.1.5)).
The results of (a) and (b) above are the same by the commutativity of (2.1.6) ; applying τ(pα) to the
equality between them, we obtain equation (2.1.3).
Now, by the definition of p-adic multiple polylogarithms (§1.3.1) we have ∇KZ Li
KZ
p,XK = 0 and
∇
(pα)
KZ Li
KZ
p,X
(pα)
K
= 0, whence the right-hand side of (2.1.4) is, like Li†p,α, a solution to the following
differential equation on L :
(2.1.7) dL =
(
pαω0(z)e0 +
∑
ξ∈µN (K)
pαωξ(z)eξ
)
L− L
(
ω0(z
pα)e0 +
∑
ξ∈µN (K)
ωξpα (z
pα)Ad
Φ
(ξ)
p,α
(eξ)
)
By Definition 1.2.5, we have Li†p,α(0) = 1, and by the definition of Li
KZ
p,XK and Li
KZ
p,X
(pα)
K
(§1.3.1) the
right-hand side of (2.1.4) is equivalent when z → 0 to ep
α logp(z)e0e− logp(z
pα )e0 = 1, where we have
used log(zp
α
) = pα logp(z). The equation (2.1.7) being pro-unipotent, it has a unique solution L ∈
K[[z]]〈〈e0∪µN 〉〉 such that L(0) = 1 (for any word w, equation (2.1.7) plus L(0) = 1 determine L[w] by
induction on the weight of w). 
Variants of equation (2.1.3) for N = 1, α = −1 are written, [D], §19.6, equation (19.6.2), [U1] §5.2
Proposition 1 ; any N , α = −1, [U2] equation (2.2.9) ; the particular case for any N , α = log(q)log(p) , [Y]
Remark 3.2. Equation (2.1.4) is written in the case N = 1, α = 1, in [F2] Theorem 2.14.
2.2. Decomposition of overconvergent p-adic multiple polylogarithms in terms of iterated
integrals. The goal of this paragraph is to rewrite (2.1.3), as a ”decomposition” of Li†p,α in terms of
certain iterated integrals. It arises initially as given by an induction on the weight. We will turn this
induction into an induction on the depth in §4.
Definition 2.2.1. Let e
0∪µN∪µ
(pα)
N
be the alphabet {e0, eξ1 , . . . , eξN , eξ(pα) , . . . , eξN (pα)}.
The weight, resp. depth of a word over the alphabet e
0∪µN∪µ
(pα)
N
is its number of letters, resp. its number
of letters distinct from e0.
Identifying the alphabet e
0∪µN∪µ
(pα)
N
to {pαω0(z)}∪{pαωξ(z) | ξ ∈ µN (K)}∪{ωξpα (z
pα) | ξ ∈ µN (K)}
in the natural way, we regard the right-hand side of equation (2.1.4) as a map O
x,e
0∪µN∪µ
(pα)
N → K[[z]],
which we are going to factorise by certain iterated integrals (Definition 2.2.3) and a certain map of
”decomposition” (Definition 2.2.2). In order to define the map of decomposition, let us write explicitly
the coefficients of equation (2.1.3) : for any w = end−10 eξd . . . e
n1−1
0 eξ1e
n0−1
0 , where the ni’s are positive
integers and the ξi’s are N -th roots of unity, we have
(2.2.1)
dLi†p,α[e
nd−1
0 eξd . . . e
n1−1
0 eξ1e
n0−1
0 ] =
∑
w1,w2 words
w1w2=w
w2 6=∅
∑
ξ∈µN (K)
(
Ad
Φ
(ξ)
p,α
(eξ)[w2]
)
ωξpα (z
pα) Li†p,α[w1] +

pαω0(z) Li
†
p,α[e
nd−2
0 eξd . . . e
n1−1
0 eξ1e
n0−1
0 ]− p
αω0(z) Li
†
p,α[e
nd−1
0 eξd . . . e
n1−1
0 eξ1e
n0−2
0 ] if nd > 2, n0 > 2
pαω0(z) Li
†
p,α[e
nd−2
0 eξd . . . e
n1−1
0 eξ1 ] if nd > 2, n0 = 1
pαωξd(z) Li
†
p,α[e
nd−1−1
0 eξd−1 . . . eξ1e
n0−1
0 ]− p
αω0(z) Li
†
p,α[eξde
nd−1−1
0 eξd−1 . . . e
n1−1
0 eξ1e
n0−2
0 ] if nd = 1, n0 > 2
pαωξd(z) Li
†
p,α[e
nd−1−1
0 eξd−1 . . . e
n1−1
0 eξ1 ] if nd = 1, n0 = 1
where the restriction to w2 6= ∅ in the first line of (2.2.1) above is due to the fact that the term indexed
by (w1, w2) = (w, ∅) is 0 : the coefficient of the empty word in AdΦ(ξ)p,α
(eξ) is zero because AdΦ(ξ)p,α
(eξ) is
obtained by multiplying two non-commutative formal power series eξ, which is of weight 1.
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Definition 2.2.2. Let decp,α : O
x,e0∪µN → O
x,e
0∪µN∪µ
(pα)
N ⊗QK be defined by induction on the weight,
as follows : decp,α(∅) = 1 ; for all n ∈ N∗, decp,α(en0 ) = e0 decp,α(e
n−1
0 ) − e0 decp,α(e
n−1
0 ) = 0, and for
any w = end−10 eξd . . . e
n1−1
0 eξ1e
n0−1
0 word over e0∪µN , where the ni’s are positive integers and the ξi’s are
N -th roots of unity (d > 1),
(2.2.2)
decp,α(e
nd−1
0 eξd . . . e
n1−1
0 eξ1e
n0−1
0 ) =
∑
w1,w2 words
w1w2=w
w2 6=∅
depth(w1)>1 or w1=∅
∑
ξ∈µN (K)
(
Ad
Φ
(ξ)
p,α
(eξ)[w2]
)
eξ(pα) decp,α(w1)+

e0 decp,α(e
nd−2
0 eξd . . . e
n1−1
0 eξ1e
n0−1
0 )− e0 decp,α(e
nd−1
0 eξd . . . e
n1−1
0 eξ1e
n0−2
0 ) if nd > 2, n0 > 2
e0 decp,α(e
nd−2
0 eξd . . . e
n1−1
0 eξ1) if nd > 2, n0 = 1
eξd decp,α(e
nd−1−1
0 eξd . . . eξ1e
n0−1
0 )− e0 decp,α(eξde
nd−1−1
0 eξd−1 . . . e
n1−1
0 eξ1e
n0−2
0 ) if nd = 1, n0 > 2
eξd decp,α(e
nd−1−1
0 eξd−1 . . . eξ1) if nd = 1, n0 = 1
Given that Li†p,α has no pole at 0 by Definition 1.2.5, we can consider only iterated integrals which
have no pole at 0 :
Definition 2.2.3. Let O
x,e
0∪µN∪µ
(pα)
N
conv ⊂ O
x,e
0∪µN∪µ
(pα)
N be the vector subspace generated by words whose
rightmost letter is not e0. Let ∫
p,α
: O
x,e
0∪µN∪µ
(pα)
N
conv → K[[z]]
be the linear map defined by induction by
∫
∅ = 1 and the following variant of the KZ equation (0.4) :
(2.2.3)
d
∫
p,α
end−10 eξdud . . . e
n1−1
0 eξ1u1 =

pα
dz
z
∫
p,α
end−20 eξdud . . . e
n1−1
0 eξ1u1 if nd > 2
pα
dz
z − ξd
∫
p,α
e
nd−1−1
0 eξd−1ud−1 . . . e
n1−1
0 eξ1u1 if nd = 1 and ud = 1
d(zp
α
)
zpα − ξp
α
d
∫
p,α
e
nd−1−1
0 eξd−1ud−1 . . . e
n1−1
0 eξ1u1 if nd = 1 and ud = (p
α)
and the condition that
∫
p,α
end−10 eξdud . . . e
n1−1
0 eξ1u1 has constant coefficient equal to 0.
Explicitly, these iterated integrals are given as the power series expansions, which are convergent on
{z ∈ K | |z|p < 1} ; this is a variant of (0.3) :
(2.2.4)
∫
p,α
end−10 eξdud . . . e
n1−1
0 eξ1u1 = (p
α)n1+···+nd
∑
0=m0<m1<...<md
∀i s.t.ui=(p
α), mi−1≡mi[p
α]
( ξ2ξ1 )
n1 . . . ( zξd )
nd
mn11 . . .m
nd
d
∈ K[[z]]
We can now reformulate equation (2.1.3) ; below we view Li†p,α as a map O
x,e0∪µN 7→ K[[z]], which is
enabled by the fact that each Li†p,α[w], being an element of A
†(Uan), is characterized by its power series
expansion at 0.
Proposition 2.2.4. The map decp,α take values in O
x,e
0∪µN∪µ
(pα)
N
conv and we have
(2.2.5) Li†p,α =
∫
p,α
◦ decp,α
Proof. The differential equation (2.2.1) together with Li†p,α(z = 0) = 1 determine Li
†
p,α[w] for all words
w by induction on the weight of w. By equations (4.1.2) and (2.2.3),
∫
p,α
◦ decp,α satisfies the same
differential equation than (2.2.1). Moreover, by Definition 4.1.2 and Definition 2.2.4, for any word w,(∫
p,α
◦ decp,α
)
(w)(z = 0) is equal to 0 if w is non-empty and 1 if w is the empty word. This concludes
the proof. 
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Remark 2.2.5. One can also write another formula for decp,α, by using operations in the shuffle Hopf
algebra O
x,e
0∪µN∪µ
(pα)
N arising as duals of the product, inversion and composition of non-commutative
formal power series which appear in equation (2.1.4).
3. Regularized p-adic iterated integrals and bounds on their norms
Let the affinoid space Uan = P1,an \ ∪ξN=1B(ξ, 1) over K, and A(U
an) its K-algebra of global rigid
analytic functions (Notation 1.2.4). We define in §3.2 regularized p-adic iterated integrals (Definition
3.2.5), which lie in a specific subalgebra of {f ∈ A(Uan) | f(0) = 0} defined in §3.1 (Definition 3.1.1);
we show that they can be computed by induction on the depth (§3.3, Proposition 3.2.6) and we prove
bounds on their norms (§3.4, Proposition 3.3.1).
3.1. A subalgebra of the algebra of rigid analytic functions on a subspace of P1,an/K. By
Proposition A.0.4, the map ”coefficients at 0”, Cf0 :
(
f =
∑
m∈N∗
cmz
m
)
7→
(
m ∈ N∗ 7→ cm ∈ K
)
induces an isometric isomorphism of Banach spaces over K, {f ∈ A(Uan) | f(0) = 0} → C(Z
(N)
p ,K)
where the target is the space of continuous functions on Z
(N)
p = lim←−
Z/NplZ ≃ Z/NZ × Zp, with values
in K, endowed with the supremum norm || ||∞, and where we consider the canonical inclusion N∗ =
∐16m06N (m0 +NN) ⊂ Z
(N)
p .
We define a subspace of C(Z
(N)
p ,K) and prove that it is the image by Cf0 of a subalgebra of {f ∈
A(Uan) | f(0) = 0} (Proposition 3.1.4).
Definition 3.1.1. (i) Let Sα ⊂ KN be the subspace of the sequences b = (bl)l∈N such that there exists
a polynomial P with coefficients in R such that we have, for all l ∈ N, |bl|p 6 P (l)p(α−1)l.
(ii) Let LASα(Z
(N)
p ,K) be the space of functions c : Z
(N)
p → K, such that, for all r0 ∈ {0, 1, . . . , pα − 1}
and ξ ∈ µN (K), there exist sequences (c
(l,ξ)(r0))l∈N ∈ Sα, such that, for m ∈ N
∗ such that |m−r|p 6 p
−α
we have the absolutely convergent series expansion :
(3.1.1) c(m) =
∑
l∈N
∑
ξ∈µN (K)
c(l,ξ)(r0)ξ
−m(m− r0)
l
Any element of LASα(Z
(N)
p ,K) is locally analytic, by the fact that N∗ is dense in Z
(N)
p and because for
any ξ ∈ µN (K), the map m 7→ ξm is constant on each class of congruence modulo N . We have a natural
isomorphism of vector spaces LASα,ξ(Zp,K) ≃ S
Npα
α defined by c 7→
(
(c(l,ξ)(r0))l∈N
)
ξ∈µN (K)
r0)∈{0,...,p
α−1}
.
In the α = 1 case, the space LASα(Z
(N)
p ,K) is a subspace of the space of ”N -power series functions”
introduced in [U2], Definition 5.0.2. (We add the condition that the sequences of coefficients in Sα, and
another difference is that in [U2] one considers N unrelated power series expansions on each m + NN,
m ∈ {0, · · · , N − 1}, unrelated to each other. The space of ”N -power series functions” does not enable
us to prove our results.)
Example 3.1.2. For any ξ0 ∈ µN (K), l ∈ N and ξ ∈ µN (K),
(i) Cf0
(
pαz
z − ξ0
= −
∑
m∈N∗
(pαz
ξ0
)m)
∈ LASα(Z
(N)
p ,K) and (Cf0
z
z − ξ0
)(l,ξ)(r0) =
{
−pα if (l, ξ) = (0, ξ0)
0 otherwise
(ii) Cf0
(
zp
α
zpα − ξp
α
0
= −
∑
m∈N∗
( z
ξ0
)pαm)
∈ LASα(Z
(N)
p ,K) and (Cf0
zp
α
zpα−ξp
α
0
)(l,ξ)(r0) =
{
−pα if (l, ξ, r) = (0, ξ0, 0)
0 otherwise
.
Lemma 3.1.3. Let l, l′ ∈ N, ξ ∈ µN (K).
(i) The map sending u ∈ N∗ to, respectively,
u−1∑
u1=1
ul1(u − u1)
l′ξu1 ,
u∑
u1=1
ul1(u − u1)
l′ξu1 ,
u−1∑
u1=0
ul1(u − 1 −
u1)
l′ξu1 ,
u∑
u1=0
ul1(u−u1)
l′ξu1 is a K-linear combination of the functions u 7→ ul0ξu, l0 ∈ {0, · · · , l+ l′+1}.
(ii) If we denote, respectively, by B
(l,l′,ξ)
l0
, B∗
(l,l′,ξ)
l0
B˜∗
(l,l′,ξ)
l0 B˜
∗
(l,l′,ξ)
l0 the coefficients of u
l0ξu in the above
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expression, then we have
min
(
vp
(
B
(l,l′,ξ)
l0
)
, vp
(
B∗
(l,l′,ξ)
l0
)
, vp
(
B˜∗
(l,l′,ξ)
l0
)
, vp
(
B˜∗
(l,l′,ξ)
l0
))
> −1−
log(1 + l + l′)
log(p)
Proof. Let us prove the result for
u−1∑
u1=1
ul1(u−u1)
l′ξu1 , the other cases being similar. By writing (u−u1)l
′
=∑l′
l′′=0
(
l′
l′′
)
ul
′′
ul
′−l′′
1 , we are reduced to the l
′ = 0 case. We distinguish two cases :
- If ξ = 1, we can write
∑u−1
u1=1
ul1 =
∑l+1
l0=1
1
l+1
(
l+1
l0
)
Bl+1−l0u
l0 − δl,0 with B denoting Bernoulli numbers.
By Von Staudt-Clausen’s theorem, we have vp(Bl+1−l0) > −1 and, given that p
vp(l+1) 6 l + 1 thus
vp(
1
l+1 ) = −vp(l + 1) > −
log(l+1)
log(p) , we have vp
(
1
l+1
(
l+1
l0
)
Bl+1−l0
)
≥ −1− log(l+1)log(p) .
- If ξ1 6= 1, we consider the equation
∑u−1
u1=1
T u1 = 1−T
u1
1−T − 1, where T is a formal variable, we apply to
it (T ddT )
l, and we substitute ξ to T : this gives, by induction on l, the existence of a polynomial Pl, with
coefficients in Z[ξ, 1ξ ,
1
ξ−1 ] ⊂ Zp, of degree 6 l, such that
∑u−1
u1=1
ul1ξ
u1 = P (l)(u1)ξ
u1 . 
We now prove that Cf−10 (LASα(Z
(N)
p ,K)) (where Cf0 is the ”map coefficients of the power series
expansion at 0”, see Proposition A.0.4) is a subalgebra of A(Uan), with an explicit formula for the
multiplication.
Proposition 3.1.4. Let f1, f2 ∈ A(Uan) with f1(0) = f2(0) = 0, such that c1 = Cf0(f1) and c2 = Cf0(f2)
are elements of LASα(Z
(N)
p ,K). Then the map c = Cf0(f1f2) is the element of LASα(Z
(N)
p ,K) determined
as follows : for all L ∈ N and ξ ∈ µN (K),
(3.1.2) c(L,ξ)(0) =∑
l,l′∈N
l+l′+1>L
(pα)l+l
′−L
∑
ξ′∈µN (K)
(
B
l,l′,( ξ
′
ξ
)p
α
L c
(l,ξ)
1 (0) c
(l′,ξ′)
2 (0)+
pα−1∑
r=1
B˜∗
l,l′,( ξ
′
ξ
)p
α
L (ξ
′)r c
(l,ξ)
1 (r) c
(l′,ξ′)
2 (p
α−r)
)
and, for all r0 ∈ {1, . . . , pα − 1}.
(3.1.3) c(L,ξ)(r0) =
∑
l,l′∈N
l+l′+1>L
(pα)l+l
′−L
∑
ξ′∈µN (K)
((ξ′
ξ
)r0B∗l,l′,( ξ′ξ )pαL c(l,ξ)1 (0) cl′,ξ′2 (r0)+
r0−1∑
r=1
B˜∗
l,l′,( ξ
ξ′
)p
α
L
(
ξ
ξ′
)(r0−r)
c
(l,ξ)
1 (r) c
(l′,ξ′)
2 (r0−r)+
pα−1∑
r=r0
B˜∗
l,l′,
(
ξ′
ξ
)pα
L (ξ
′)p
α
(
ξ
ξ′
)(r0−r)
c
(l,ξ)
1 (r) c
(l′,ξ′)
2 (p
α+r0−r)
)
Proof. Let us prove first the part of result concerning the power series expansion of c at r0 = 0. For any
u ∈ N∗, we have
c(pαu) =
pαu−1∑
m=1
c1(m)c2(p
αu−m) =
u−1∑
u′=1
c1
(
pαu′
)
c2
(
pα(u−u′)
)
+
u−1∑
u′=0
pα−1∑
r=1
c1
(
pαu′+r
)
c2
(
pα(u−1−u′)+pα−r
)
Using the hypothesis that c1 and c2 are in LASα(Z
(N)
p ,K), we obtain, with the notations of Definition
3.1.1,
(3.1.4) c(pαu) =
u−1∑
u′=1
∑
l,l′∈N
∑
ξ,ξ′∈µN (K)
c
(l,ξ)
1 (0) ξ
−pαu′ (pαu′)l c
(l′,ξ′)
2 (0) ξ
′−p
α(u−u′)
(pα(u− u′))l
′
+
u−1∑
u′=0
pα−1∑
r=1
∑
l,l′∈N
∑
ξ,ξ′∈µN (K)
c
(l,ξ)
1 (r) ξ
−pαu′ (pαu′)l c
(l′,ξ′)
2 (p
α − r) ξ′
−pα(u−1−u′)
(pα(u − u′))l
′
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Expressing the sums
u−1∑
u′=1
(
ξ′
ξ
)pαu′
u′
l
(u − u′)l
′
and
u−1∑
u′=0
(
ξ′
ξ
)pαu′
u′
l
(u − 1 − u′)l
′
, which appear in
(3.1.4), by means of Lemma 3.1.3, and inverting a double absolutely convergent series, we obtain
c(pαu) =
∑
L∈N
∑
ξ∈µN (K)
c(L,ξ)(0)ξ−p
αu(pαu)L
where c(L,ξ)(0) is as in equation (3.1.2).
Let us prove that the sequences (c(L,ξ)(0))L∈N of equation (3.1.2) are in Sα. For convenience, let us
characterize Sα ⊂ KN as the subspace of the sequences b = (bl)l∈N such that there exist κb, κ′b, κ
′′
b ∈ R
∗
+
such that, for all l ∈ N, we have : vp(bl) > −κb −
κ′b
log(p) log(l + κ
′′
b ) − (α − 1)l. By the hypothesis that
c1 and c2 are in LASα(Z
(N)
p ),K), we can find, for i ∈ {1, 2} κci, κ
′
ci , κ
′′
ci ∈ R
∗
+ such that the inequality
vp(c
(l,ξ)
i (r)) > −κci−
κ′ci
log(p) log(l+κ
′′
ci)− (α−1)l is satisfied for all ξ ∈ µN (K) and all r ∈ {0, . . . , p
α−1}.
Then, by equation (3.1.2),
vp(c
(L,ξ)(0)) > inf
l,l′∈N
l+l′+1>L
(
α(l + l′ − L)− (α− 1)(l + l′)
− (1 +
log(l + l′ + 1)
log(p)
+ κc1 +
κ′c1
log(p)
log(l + κ′′c1) + κc2 +
κ′c2
log(p)
log(l′ + κc2))
)
> inf
δ∈[−1,+∞[
(
δ− (1 + κc1 + κc2)−
1 + κ′c1 + κ
′
c2
log(p)
log(L+ δ+max(1, κ′′c1 , κ
′′
c2))− (α− 1)L
)
where we have set δ = l + l′ − L. The map δ 7→ δ −
1+κ′c1+κ
′
c2
log(p) log(l + δ +max(1, κ
′′
c1 , κ
′′
c2)) is increasing
on
[ 1+κ′c1+κ′c2
log(p) − l − max(1, κ
′′
c1 , κ
′′
c2),+∞
)
, and for L >
1+κ′c1+κ
′
c2
log(p) − max(1, κ
′′
c1 , κ
′′
c2) + 1, we have :[1+κ′c1+κ′c2
log(p) − l −max(1, κ
′′
c1 , κ
′′
c2),+∞
)
⊂
[
− 1,+∞
)
; thus
(3.1.5) vp(c
(L,ξ)(0)) > −
(
2 + κc1 + κc2
)
−
1 + κ′c1 + κ
′
c2
log(p)
log(l − 1 + max(1, κ′′c1, κ
′′
c2))− (α − 1)L
Since the inequality (3.1.5) is true for L ∈ N outside the set
[
0,
1+κ′c1+κ
′
c2
log(p) − max(1, κ
′′
c1 , κ
′′
c2) + 1
]
∩ N
which is finite and independent of L, we deduce that (c(L,ξ)(0)) ∈ Sα.
The proof of the analogous results concerning the power series expansion of c at r0 ∈ {1, . . . , pα − 1}
is entirely similar, starting with the following equation : for any u ∈ N and r0 ∈ {1, · · · , pα − 1},
c(r0 + p
αu) =
u∑
u′=1
c1
(
pαu′
)
c2
(
pα(u− u′) + r0
)
+
u∑
u′=0
r0−1∑
r=1
c1
(
pαu′+ r
)
c2
(
pα(u− u′) + r0 − r
)
+
u−1∑
u′=0
pα−1∑
r=r0
c1
(
pαu′+ r
)
c2
(
pα(u− 1− u′) + r0 + p
α− r
)

3.2. Regularized p-adic iterated integrals ; definition and computation by induction on the
depth. Let the operator ”unique primitive which vanishes at 0” on power series with coefficients in K :
(3.2.1)
∫ z
0
: f =
∑
m∈N
cmz
m ∈ K[[z]] 7→
∑
m∈N
cm
zm+1
m+ 1
∈ K[[z]]
The variant of the KZ equation (2.2.3) satisfied by the iterated integrals of Definition 2.2.3 can be
reformulated as
∫
p,α
end−10 eξdud . . . e
n1−1
0 eξ1u1 =

∫ z
0
pα
dz
z
(∫
p,α
end−20 eξdud . . . e
n1−1
0 eξ1u1
)
if nd > 2∫ z
0
pα
dz
z − ξ
(∫
p,α
e
nd−1−1
0 eξd−1ud−1 . . . e
n1−1
0 eξ1u1
)
if nd = 1 and ud = 1∫ z
0
d(zp
α
)
zpα − ξpα
(∫
p,α
e
nd−1−1
0 eξd−1ud−1 . . . e
n1−1
0 eξ1u1
)
if nd = 1 and ud = (p
α)
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We are going to define a regularized variant of the above system of equations whose solution lies in
the subalgebra introduced in §3.1. We start by defining a variant of the space LASα(Z
(N)
p ,K) with poles.
Definition 3.2.1. Let LApolSα (Z
(N)
p ,K) be the set of functions Zp \ {0} → K satisfying series expansion
as in (3.1.1), such that, if r0 ∈ {0, · · · , pα− 1}, we have a power series expansion, |m− r0|p 6 p−α, of the
following form
c(m) =

∑
l>0
∑
ξ∈µN (K)
c(l,ξ)(r0)ξ
−m(m− r0)l r0 ∈ {1, · · · , pα − 1}∑
l>−1
∑
ξ∈µN (K)
c(l,ξ)(0)ξ−m(m− r0)l r0 = 0
where (c(l,ξ)(r0))l∈N is a sequence in Sα for any r0 ∈ {0, · · · , pα − 1} and any ξ ∈ µN (K).
Example 3.2.2. For any ξ0 ∈ µN (K), Cf0
(∫ z
0
ω
ξp
α
0
(zp
α
) = −pα
∑
m∈N∗
zp
αm
pαmξp
αm
0
)
∈ LApolSα (Z
(N)
p ,K)
and Cf0
(∫ z
0
ωξpα (z
pα)(l,ξ)(r0) =
{
−pα if (l, ξ, r0) = (−1, ξ0, 0)
0 otherwise
Now we decompose LApolSα (Z
(N)
p ,K) into a regular part and a ”pure pole” part.
Lemma 3.2.3. We have LApolSα (Z
(N)
p ,K) = LASα(Z
(N)
p ,K)
⊕(
⊕ξ∈µN (K) K.
∫ z
0
ωξpα (z
pα)
)
Proof. Let us denote by ξ0 a primitive N -th root of unity in K. Let Vξ = (ξ
ij)16i6N
16j6N
∈ MN(Q(ξ))
the Vandermonde matrix associated with the sequence (ξ1, . . . , ξN ). An element c ∈ LASα(Z
(N)
p ,K) ∩
Vect
(∫
p,α
ωξpα (z
pα), | ξ ∈ µN (K)
)
is in particular continuous when |m|p tends to 0 and m remains
in a given congruence class modulo N . Thus, lim |m|p→0
m≡m0 mod N
mc(m) = 0 for all m0 ∈ {1, . . . ,M}.
Moreover, we have

lim |m|p→0
m≡1 mod N
mc(m)
...
lim |m|p→0
m≡N mod N
mc(m)
 = Vξ

c(−1,ξ
1)(0)
...
c(−1,ξ
N )(0)
 and Vξ is invertible. This proves that
LASα(Z
(N)
p ,K) ∩ Vect
(∫
p,α
ωξpα (z
pα), | ξ ∈ µN (K)
)
= {0}. The rest of the statement follows easily,
using Example 3.2.2. 
Lemma 3.2.4. Let f ∈ A(Uan) such that f(0) = 0. If f ∈ Cf−10 LASα(Z
(N)
p ,K), then
∫ z
0 fω0 ∈
Cf−10 LA
pol
Sα
(Z
(N)
p ,K) (where
∫ z
0 is defined in equation (3.2.1)). Moreover, Cf0
(∫ z
0 fω0
)(−1,ξ)
(0) =
Cf0(f)
(0,ξ)(0).
Proof. Let c = Cf0(f). We have f(z) =
∑
m∈N∗
c(m)zm, and
∫ z
0
fω0 =
∑
m∈N∗
c(m)
m
zm. By the assumption,
there exists, for any r0 ∈ {0, 1, . . . , pα − 1} and ξ ∈ µN (K), there exist sequences (c(l,ξ)(r0))l∈N ∈ Sα,
such that, for |m− r0|p 6 p−α, c(m) =
∑
l∈N
∑
ξ∈µN (K)
c(l,ξ)(r0)ξ
−m(m− r0)
l. By (c(l,ξ)(r0))l∈N ∈ Sα, there
exists a polynomial Pξ,r0 such that, for all l ∈ N, |c
(l,ξ)(r0)|p 6 Pξ,r0(l)p
(α−1)l. Then :
(a) For |m|p 6 p−α, we have
(3.2.2)
c(m)
m
=
∑
l>−1
∑
ξ∈µN (K)
c(l+1,ξ)(r0)ξ
−mml
and the sequences (c(l+1,ξ)(r0))l∈N are clearly in Sα.
(b) For |m− r0|p 6 p−α with r0 ∈ {1, · · · , pα − 1}, we have
(3.2.3)
c(m)
m
=
(∑
l∈N
∑
ξ∈µN (K)
c(l,ξ)(r0)ξ
−m(m−r0)
l
)(∑
l′∈N
(
m− r0
)l′
rl
′+1
0
)
=
∑
l′′∈N
∑
ξ∈µN (K)
l′′∑
l=0
c(l,ξ)(r0)
rl
′′−l
0
ξ−m(m−r0)
l
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Moreover, we have | 1r0 |p 6 p
α−1. Thus, with Pξ,r0 defined above,∣∣∣∣ l
′′∑
l=0
c(l,ξ)(r0)
rl
′′−l
0
∣∣∣∣
p
6
l′′∑
l=0
Pξ,r0(l)p
(α−1)(l+l′′−l) =
l′′∑
l=0
Pξ,r0(l)p
(α−1)l′′
and there exists a polynomial Qξ,r0 such that for all l
′′ ∈ N,
∑l′′
l=0 Pξ,r0(l) = Qξ,r0(l
′′). 
Definition 3.2.5. Let regLA : LApol(Z
(N)
p ,K)։ LASα(Z
(N)
p ,K) be the projection associated with the di-
rect sum decomposition of Lemma lemma direct sum decomposition. LetO
x,e
0∪µN∪µ
(pα)
N
conv ⊂ O
x,e
0∪µN∪µ
(pα)
N
be the vector subspace generated by words whose rightmost letter is not e0. We define an operator
Reg
∫
p,α
: O
x,e
0∪µN∪µ
(pα)
N → Cf−10 LASα(Z
(N)
p ,K)
as the linear map defined by induction on the weight as follows : for any wordw = end−10 eξdud . . . e
n1−1
0 eξ1u1 ,
(3.2.4) Reg
∫
p,α
end−10 eξdud . . . e
n1−1
0 eξ1u1 =
Cf−10 regLA Cf0
∫ z
0
pα
dz
z
(
Reg
∫
p,α
end−20 eξdud . . . e
n1−1
0 eξ1u1
)
if nd > 2
Cf−10 regLA Cf0
∫ z
0
pα
dz
z − ξ
(
Reg
∫
p,α
e
nd−1−1
0 eξd−1ud−1 . . . e
n1−1
0 eξ1u1
)
if nd = 1 and ud = 1
Cf−10 regLA Cf0
∫ z
0
d(zp
α
)
zpα − ξ(pα)
(
Reg
∫
p,α
e
nd−1−1
0 eξd−1ud−1 . . . e
n1−1
0 eξ1u1
)
if nd = 1 and ud = (p
α)
This definition is consistent by the previous Lemma 3.2.4 : namely, this Lemma it proves by induction
on the weight of a word w that Reg
∫
p,α(w) is well-defined as an element of Cf
−1
0 LASα(Z
(N)
p ,K).
We now compute the regularized p-adic iterated integrals of Definition 3.2.5. This is a regularized
analogue of equation (2.2.4). The formula is inductive on the depth.
In the notation B
(l,l′,ξ)
l0
, B∗
(l,l′,ξ)
l0
B˜∗
(l,l′,ξ)
l0 B˜
∗
(l,l′,ξ)
l0 defined in Lemma 3.1.3, we omit l
′ when it is equal
to 0. We note that the definition implies B˜∗
(l,ξ)
l0 = B˜
∗
(l,ξ)
l0 − δl,l0 .
Proposition 3.2.6. Let wd = e
nd−1
0 eξud
d
· · · en1−10 eξu11 ∈ O
x,e
0∪µN∪µ
(pα)
N
conv and let cd = Cf0Reg
∫
p,αwd.
Let wd−1 = e
nd−1−1
0 eξud−1
d−1
· · · en1−10 eξu11 and cd−1 = Cf0Reg
∫
p,α
wd−1. For any l ∈ N, ξ ∈ µN (K) and
r0 ∈ {1, · · · , pα − 1}, we have
(i) if ud = 1, then
(3.2.5)
c
(l,ξ)
d (0) = −(p
α)nd
∑
L>−1
(pα)L
[
B
l+nd+L,
(
ξd
ξ
)
pα
l+nd
c
(l+nd+L,ξ)
d−1 (0)+
pα−1∑
r=1
B˜∗
l+nd+L,
(
ξd
ξ
)pα
l+nd
ξr c
(l+nd+L,ξ)
d−1 (r)
]
(3.2.6) c
(l,ξ)
d (r0) = −(p
α)nd
l∑
l1=0
(
−nd
l−l1
)
rl−l1+nd
[ ∑
L>−1
(pα)L
[
B∗
l1+L,(
ξd
ξ
)p
α
l1
(
ξd
ξ
)r0
c
(l1+L,ξ)
d−1 (0)
+ B˜∗
l1+L,(
ξd
ξ
)p
α
l1 ξ
pα
d
pα−1∑
r=1
(
ξd
ξ
)(r0−r)
c
(l1+L,ξ)
d−1 (r0)
]
−
(
ξd
ξ
)pα r0∑
r=1
(
ξd
ξ
)(r0−r)
c
(l1,ξ)
d−1 (r)
]
(ii) if ud = (p
α), then
(3.2.7) c
(l,ξ)
d (0) = −(p
α)nd
∑
L>−1
(pα)L
[
B˜∗
l+nd;l+nd+L
( ξ
ξd
)pα c
(l+nd+L,ξ)
d−1 (0)]
]
(3.2.8) c
(l,ξ)
d (r0) = −(p
α)nd
l∑
l1=0
(
−nd
l−l1
)
rl−l1+nd0
∑
L>−1
(pα)L
[
B˜∗
(l1+L,(
ξ
ξd
)p
α
)
l1
c
(l1+L,ξ)
d−1 (r0)]
]
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Proof. (a) We apply Proposition 3.1.4 in the particular case (f1, f2) = (f,
z
z − ξd
), using Example 3.1.2
(i). This gives that c = Cf0(f
z
z−ξd
) is in LASα(Z
(N)
p ,K) and satisfies, for all l ∈ N, ξ ∈ µN (K),
r0 ∈ {1, . . . , pα − 1},
(3.2.9) c(l,ξ)(0) = −
∑
L>−1
(pα)L
[
B
l+L,
(
ξd
ξ
)pα
l c
(l,ξ)(0) +
pα−1∑
r=1
B˜∗
l+L,
(
ξd
ξ
)pα
l ξ
r c(l+L,ξ)(r)
]
(3.2.10)
c(l,ξ)(r0) = −
∑
L>−1
(pα)L
[
∗B
l+L,
(
ξd
ξ
)pα
l
(
ξ
ξd
)r0
c(l+L,ξ)(0)+ξp
α
d B˜
∗
l+L,
(
ξd
ξ
)pα
l
pα−1∑
r=1
( ξ
ξd
)(r0−r)
c(l+L,ξ)(r)
]
−
( ξ
ξd
)pα r0∑
r=1
( ξ
ξd
)(r0−r)
c(l+L,ξ)(r)
(b) We apply Proposition 3.1.4 in the particular case (f1, f2) = (f,
zp
α
zpα − ξp
α
d
), using Example 3.1.2 (ii).
This gives that c = Cf0(f
zp
α
zpα−ξp
α
d
) is in LASα(Z
(N)
p ,K) and satisfies, for all l ∈ N, ξ ∈ µN (K), and
r0 ∈ {1, . . . , pα − 1},
(3.2.11) c(l,ξ)(0) = −
∑
L>−1
(pα)LB
l+L,
(
ξd
ξ
)pα
l c
(l+L,ξ)(0)
(3.2.12) c(l,ξ)(r0) = −
∑
L>−1
(pα)LB˜∗
l+L,
(
ξd
ξ
)pα
l c
(l+L,ξ)(r0)
(c) Then we apply the following statement to the results of (a) and (b) : let w ∈ O
x,e
0∪µN∪µ
(pα)
N
conv , n ∈ N,
c = Cf0Reg
∫
p,αw and c˜n = Cf0Reg
∫
p,α e
n
0w. Then c˜ is the element of LASα(Z
(N)
p ,K) determined by,
for all l, ξ and for all r0 ∈ {1, . . . , pα − 1},
(3.2.13) c˜(l,ξ)(0) = (pα)nc(l+n,ξ)(0)
(3.2.14) c˜(l,ξ)(r0) = (p
α)n
l∑
l1=0
(
−n
l−l1+1
)
c(l1,ξ)(r0)
rl−l1+n0
Indeed, (3.2.13) is deduced from (3.2.2) and the definition of the regularization (Definition 3.2.5), by
induction on n ; (3.2.14) is obtained like (3.2.3) with
c(m)
mn
instead of
c(m)
m
, given that the regularization
affects only the coefficients at r0 = 0. 
3.3. Bounds on the norms of regularized p-adic iterated integrals. We deduce from §3.1 and
§3.2 bounds on the norms of regularized p-adic iterated integrals. The norm is the one of Notation 1.2.4.
Proposition 3.3.1. For any word w = end−10 eξud
d
· · · en1−10 eξu11 in O
e
0∪µN∪µ
(pα)
N
conv , letting n =
∑d
i=1 ni be
its weight, we have ∣∣∣∣∣∣∣∣Reg ∫
p,α
w
∣∣∣∣∣∣∣∣ 6 p−(n−2d− dlog(p) log( dlog(p) )− dlog(p) log(n+3d))
Proof. We proceed in three steps.
(a) We prove by induction of the depth that for each r0 ∈ {0, . . . , pα − 1}, l ∈ N, ξ ∈ µN (K) :
(3.3.1) vp
(
Cf0Reg
∫
p,α
w
)(l,ξ)
(r) >
inf
Ld∈Z
Ld>−d
[
α
( d∑
i=1
ni + Ld
)
− d
(
1 +
log(l +
∑d
i=1 ni + Ld + d)
log(p)
)
− (α− 1)(l + Ld +
d∑
i=1
ni)
]
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This follows by induction on the depth by applying the result to the wordwd−1 = e
nd−1−1
0 eξud−1
d−1
· · · en1−10 eξu11
by Propostion 3.2.6 and the bounds on the valuations of the coefficients B in Lemma 3.1.3.
The second line in equation (3.3.1) is also equal to
(3.3.2) inf
Ld∈Z
Ld>−d
[ d∑
i=1
ni + Ld − d
(
1 +
log(l +
∑d
i=1 ni + Ld + d)
log(p)
)
− (α− 1)l
]
(b) We bound the inf in equation (3.3.2). Let the function f : L ∈ (−l −
∑d
i=1 ni − d,+∞) 7→
L− dlog(p) log(L+ l+
∑d
i=1 ni+d) ∈ R ; it is increasing over [t0,+∞), where t0 =
d
log(p)−(l+
∑d
i=1 ni+d),
and it reaches its minimum at t0, which is f(t0) = t0 −
d
log(p) log
(
d
log(p)
)
. We distinguish two cases :
- If t0 > −d, then f(t0) > −d−
d
log(p) log
(
d
log(p)
)
, and thus inf [−d,∞) f > −d−
d
log(p) log
(
d
log(p)
)
.
- If t0 6 −d, then f is increasing in [−d,∞) and inf [−d,∞) f > f(−d) = −d−
d
log(p) log(l +
∑d
i=1 ni + 1).
We deduce
inf [−d,∞) f > min
(
− d− dlog(p) log
(
d
log(p)
)
,−d− dlog(p) log(l +
∑d
i=1 ni + 1)
)
> −d− dlog(p)
(
log(l +
∑d
i=1 ni + Ld + d) + log(
d
log(p) )
)
We deduce the following bound on the inf in equation (3.3.2)
(3.3.3) inf
Ld∈Z
Ld>−d
[ d∑
i=1
ni + Ld − d
(
1 +
log(l +
∑d
i=1 ni + Ld + d)
log(p)
)
− (α− 1)l
]
>
d∑
i=1
ni − 2d−
d
log(p)
(
log
(
l +
d∑
i=1
ni + 1
)
+ log
( d
log(p)
))
− (α− 1)l
(c) For all r0 ∈ {0, . . . , pα − 1}, m ∈ N∗ such that |m − r0|p 6 p−α (i.e. vp((m − r0)l) > αl), we have
(Cf0Reg
∫
p,α
w)(m) =
∑
l>N
∑
ξ∈µN (K)
c(l,ξ)(m− r0)
l. By (3.3.3), we deduce
(3.3.4) vp(c(m)) > inf
l∈N
[
l +
d∑
i=1
ni − 2d−
d
log(p)
(
log(l +
d∑
i=1
ni + 1) + log
( d
log(p)
))]
The function g : l 7→ l− dlog(p) log(l+
∑d
i=1 ni+1) is increasing on [t1,∞) with t1 =
d
log(p) −
∑d
i=1 ni− 1,
and reaches its minimum at t1, which is equal to g(t1) = t1 −
d
log(p) log
(
d
log(p)
)
. Since we have ni > 1 for
all i, we have t1 6
d
log(p) − d− 1 6 4d− d− 1 = 3d− 1. We again distinguish two cases.
- If t1 > 0, then since t1 6 3d− 1 we have inf l∈N g(l) > min
l∈[0,3d−1]∩N
g(l) > 0−
d
log(p)
log(3d+
d∑
i=1
ni).
- If t1 6 0 then inf l∈N g(l) = g(0) = −
d
log(p) log(
∑d
i=1 ni + 1).
In both cases, we have inf l∈N g(l) > −
d
log(p) log(
∑d
i=1 ni + 3d). Thus equation (3.3.4) becomes
(3.3.5) vp
((
Cf0Reg
∫
p,α
w
)
(m)
)
>
d∑
i=1
ni − 2d−
d
log(p)
log
( d
log(p)
)
−
d
log(p)
log(
d∑
i=1
ni + 3d)
This implies the result, since the map Cf0 is an isometry (Proposition A.0.4). 
Remark 3.3.2. The bound in Proposition 3.3.1 becomes better when p becomes large.
4. Regularity of overconvergent p-adic multiple polylogarithms and end of the proof
We prove (Proposition 4.1.3) that, in the decomposition of overconvergent p-adic multiple polyloga-
rithms of Proposition 2.2.4, the iterated integrals of Definition 2.2.3 can be replaced by their regularized
variants of Definition 3.2.5 and that the decomposition map of Definition 2.2.2 can be replaced by a ”reg-
ularized” variant (Definition 4.1.2). This is a consequence of the analytic nature of the overconvergent
p-adic multiple polylogarithms. This gives a characterization of Li†p,α and AdΦ(ξ)p,α
(eξ) (ξ ∈ µN (K)) in
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terms of regularized iterated integrals. This characterization can be written by an induction on the depth
(Proposition 4.2.2). Combining this characterization and the bounds on the norms of regularized iterated
integrals (Proposition 3.3.1) this enables to finish the proof of the main theorem (Proposition 4.3.1).
4.1. Regularized decomposition of overconvergent p-adic multiple polylogarithms in terms
of regularized iterated integrals.
Lemma 4.1.1. We have LApolarSα (Z
(N)
p ,K) ∩ C(Z
(N)
p ,K) = LASα(Z
(N)
p ,K).
Proof. This is a byproduct of the proof of Lemma 3.2.3 and the formula in Example 3.2.2. 
The differential equation of Li†p,α (2.2.1) amounts to (we are again using (equation 3.2.1))
(4.1.1)
Li†p,α[e
nd−1
0 eξd . . . e
n1−1
0 eξ1e
n0−1
0 ] =
∑
w1,w2 words
w1w2=w
w2 6=∅
∑
ξ∈µN (K)
(
Ad
Φ
(ξ)
p,α
(eξ)[w2]
)∫ z
0
ωξpα (z
pα) Li†p,α[w1] +

∫ z
0
pαω0(z) Li
†
p,α[e
nd−2
0 eξd . . . e
n1−1
0 eξ1e
n0−1
0 ]− p
αω0(z)
∫ z
0
Li†p,α[e
nd−1
0 eξd . . . e
n1−1
0 eξ1e
n0−2
0 ] if nd > 2, n0 > 2∫ z
0
pαω0(z) Li
†
p,α[e
nd−2
0 eξd . . . e
n1−1
0 eξ1 ] if nd > 2, n0 = 1∫ z
0
pαωξd(z) Li
†
p,α[e
nd−1
0 eξd . . . eξ1e
n0−1
0 ]−
∫ z
0
pαω0(z) Li
†
p,α[eξd−1 . . . e
n1−1
0 eξ1e
n0−2
0 ] if nd = 1, n0 > 2∫ z
0
pαωξd(z) Li
†
p,α[e
nd−1−1
0 eξd−1 . . . e
n1−1
0 eξ1 ] if nd = 1, n0 = 1
We note that the first line of (4.1.1) contains the term
∑
ξ∈µN (K)
(Ad
Φ
(ξ)
p,α
[w])ωξpα (z
pα), which corresponds
to (w1, w2) = (∅, w). By Example 3.2.2, the integral
∫ z
0
∑
ξ∈µN (K)
(Ad
Φ
(ξ)
p,α
[w])ωξpα (z
pα) ∈ LApolSα (Z
(N)
p ,K)
and is a ”pure pole” in the sense of the decomposition of Lemma 3.2.3. We remove it in the next definition.
Definition 4.1.2. Let Reg decp,α : O
x,e0∪µN → O
x,e
0∪µN∪µ
(pα)
N ⊗Q K be defined by induction on
the weight, as follows : Reg decp,α(∅) = 1 ; for all n ∈ N∗, Reg decp,α(en0 ) = e0Reg decp,α(e
n−1
0 ) −
e0Reg decp,α(e
n−1
0 )(= 0), and for any w = e
nd−1
0 eξd . . . e
n1−1
0 eξ1e
n0−1
0 word over e0∪µN , where the ni’s
are positive integers and the ξi’s are N -th roots of unity,
(4.1.2)
Reg decp,α(e
nd−1
0 eξd . . . e
n1−1
0 eξ1e
n0−1
0 ) =
∑
w1,w2 words
w1w2=w
w2 6=∅
w1 6=∅
∑
ξ∈µN (K)
(
Ad
Φ
(ξ)
p,α
(eξ)[w2]
)
eξ(pα) Reg decp,α(w1)+

e0Reg decp,α(e
nd−2
0 eξd . . . e
n1−1
0 eξ1e
n0−1
0 )− e0Reg decp,α(e
nd−1
0 eξd . . . e
n1−1
0 eξ1e
n0−2
0 )) if nd > 2, n0 > 2
e0Reg decp,α(e
nd−2
0 eξd . . . e
n1−1
0 eξ1) if nd > 2, n0 = 1
eξd Reg decp,α(e
nd−1−1
0 eξd−1 . . . e
n0−1
0 )− e0Reg decp,α(eξd . . . e
n1−1
0 eξ1e
n0−2
0 ) if nd = 1, n0 > 2
eξd Reg decp,α(e
nd−1−1
0 eξd−1 . . . e
n1−1
0 eξ1) if nd = 1, n0 = 1
The next Proposition is a regularized variant of the statement Li†p,α =
∫
p,α
◦ decp,α (Proposition
2.2.4) and, at the same time, a characterization of Li†p,α and AdΦ(ξ)p,α
(eξ) for any ξ ∈ µN (K) in terms of
regularized iterated integrals. As in Proposition 2.2.4 we regard Li†p,α as a function on O
x,e
0∪µN∪µ
(pα)
N .
Proposition 4.1.3. We have :
(4.1.3) Li†p,α = Reg
∫
p,α
◦Reg decp,α
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and, for any word w = end−10 eξd . . . e
n1−1
0 eξ1e
n0−1
0 , with the ni’s positive integers and the ξi’s roots of
unity, for all ξ ∈ µN (K),
(4.1.4) Ad
Φ
(ξ)
p,α)
(eξ)[w] =∑
w1,w2 words
w1w2=w
w2 6=∅
∑
ξ∈µN (K)
(
Ad
Φ
(ξ)
p,α
(eξ)[w2]
)
Cf0
(
zp
α
zpα − ξpα
Li†p,α[w1]
)(0,ξ)
(0) +

pα(Cf0 Li
†
p,α[e
nd−2
0 eξd . . . e
n1−1
0 eξ1e
n0−1
0 ])
(0,ξ)(0)− pαCf0
(
Li†p,α[e
nd−1
0 eξd . . . e
n1−1
0 eξ1e
n0−2
0 ]
)(0,ξ)
(0)
if nd > 2, n0 > 2
pα(Cf0 Li
†
p,α[e
nd−2
0 eξd . . . e
n1−1
0 eξ1 ])
(0,ξ)(0) if nd > 2, n0 = 1
pα(Cf0
z
z − ξd
Li†p,α[e
nd−1
0 eξd . . . eξ1e
n0−1
0 ])
(0,ξ)(0)− Cf0
(
pα Li†p,α[e
nd−1
0 eξd . . . e
n1−1
0 eξ1e
n0−2
0 ]
)(0,ξ)
(0)
if nd = 1, n0 > 2
pα(Cf0
z
z − ξd
Li†p,α[e
nd−1−1
0 eξd−1 . . . eξ1 ])
(0,ξ)(0) if nd = 1, n0 = 1
Proof. In weight 0, we have Li†p,α(∅) = 1 and the result is clear. Assume that the result holds in weight up
to 0, . . . , n−1. Let w be a word on e0∪µN of weight n. For any ξ ∈ µN (K), Cf0(
pαz
z − ξ
) and Cf0(
zp
α
zpα − ξpα
)
are in LASα(Z
(N)
p ,K) (Example 3.1.2). By Proposition 3.1.4 and the induction hypothesis, all the prod-
ucts of the form Li†p,α[w
′]
pαz
z − ξ
and Li†p,α[w
′]
zp
α
zpα − ξpα
with w′ a word of weight strictly lower than the
weight of w, are in Cf−10 LASα(Z
(N)
p ,K). Moreover, for all ξ ∈ µN (K), we have ωξ(z) =
z
z − ξ
ω0 and
ωξpα (z
pα) =
zp
α
zpα − ξpα
ω0. By Lemma 3.2.4, we deduce that Cf0(Li
†
p,α[w]) is in LA
pol
Sα
(Z
(N)
p ,K).
On the other hand, since Li†p,α[w] ⊂ A
†(Uan) ⊂ A(Uan), by Proposition A.0.4, Cf0(Li
†
p,α[w]) ∈
C(Z
(N)
p ,K). Thus, Cf0(Li
†
p,α[w]) ∈ LA
pol
Sα
(Z
(N)
p ,K) ∩ C(Z
(N)
p ,K). By Lemma 4.1.1, we deduce Cf0(Li
†
p,α[w]) ∈
LASα(Z
(N)
p ,K).
By Lemma 3.2.3, this implies that the polar part, in the sense of the direct sum decomposition of
LApolSα (Z
(N)
p ,K) in Lemma 3.2.3, vanishes. By Lemma 3.2.4, the vanishing of this polar part is equation
(4.1.4). 
4.2. Computation of the regularized decomposition by induction on the depth. We write a
formula for Reg decp,α which is inductive with respect to the depth (Proposition 4.2.2).
Lemma 4.2.1. For all n ∈ N∗, we have Li†p,α[e
n
0 ] = 0, Reg decp,α(e
n
0 ) = decp,α(e
n
0 ) = 0, and AdΦ(ξ)p,α
(eξ)[e
n
0 ] =
0 for all ξ ∈ µN (K) = 0
Proof. The fact that Reg decp,α(e
n
0 ) = decp,α(e
n
0 ) = 0 for all n ∈ N
∗ has already been observed as an
immediate byproduct of the definitions (Definition 2.2.2 and Definition 4.1.2). It implies Li†p,α[e
n
0 ] = 0
for all n ∈ N∗ by Proposition 2.2.4. Finally, Ad
Φ
(ξ)
p,α
(eξ) = {Φ
(ξ)
p,α}−1eξΦ
(ξ)
p,α is the product of some
formal power series and eξ which is of depth 1, and it thus contains only terms of depth > 1 ; thus
Ad
Φ
(ξ)
p,α
(eξ)[e
n
0 ] = 0 for all n ∈ N
∗ (and for n = 0, which we already used since equation (2.2.1)). 
Proposition 4.2.2. We have, for any word w = end−10 eξd . . . e
n1−1
0 eξ1e
n0−1
0 , with the ni’s positive integers
and the ξi’s roots of unity,
(4.2.1) Reg decp,α(w) =∑
06l06n0−1
06ld6nd−1
∑
ξ∈µN (K)
∑
w1,w2words
w=e
ld
0 w1w2e
l0
0
depth(w1)>1
depth(w2)>1
Ad
Φ
(ξ)
p,α
(eξ)[w1] (−1)
l0
(
l0 + ld − 1
l0
)
eld+l00 eξ(pα) Reg decp,α(w2)
−
∑
06l06n0−1
(−1)l0
(
l0 + ld − 1
l0
)
end−1+l00 eξd Reg decp,α(e
nd−1−1
0 . . . e
n1−1
0 eξ1)
20 DAVID JAROSSAY
Proof. In the first line of equation (4.1.2), the terms such that depth(w2) = 0 of depth(w1) = 0 vanish
by Lemma 4.2.1. Thus, the first line of equation (4.1.2) can be replaced by∑
w1,w2 words
w1w2=w
depth(w2)>1
depth(w1)>1
∑
ξ∈µN (K)
(
Ad
Φ
(ξ)
p,α
(eξ)[w2]
)
eξ(pα) Reg decp,α(w1)
The result is then obtained by induction on (nd, n0) for the lexicographical order on (N
∗)2, noting that
if if (n0, nd) = (1, 1) the formula for Reg decp,α is already inductive with respect to the depth and that
(n0, nd) decreases when applying Reg decp,α in the other cases. 
4.3. End of the proof of the main theorem. Given that Ad
Φ
(ξ)
p,α
(eξ) = {Φ
(ξ)
p,α}−1eξΦ
(ξ)
p,α, for any word
w of weight n and depth d, Ad
Φ
(ξ)
p,α
(eξ)[w] is a Z-linear combination of p-adic cyclotomic multiple zeta
values of weight n− 1 and depth d− 1 : more precisely, Ad
Φ
(ξ)
p,α
(eξ)[w] =
∑
w1,w2words
w1eξw2=w
Φp,α[S(w1) x w2]
(by the formula for the antipode and product of shuffle Hopf algebras, §1.1.1). This is the reason for the
shift in the weight and the depth below.
Corollary 4.3.1. (i) Each Li†p,α[w] is a Z-linear combination of products
(∏r
i=1AdΦ(ξi)p,α
(eξi)[wi]
)
Reg
∫
p,α w˜,
where the ξi’s are in µN (K), the wi’s are words on e0∪µN of depth > 2, r ∈ N, and w˜ is a word
over e
0∪µN∪µ
(pα)
N
such that
∑r
i=1
(
depth(wi)− 1
)
+ depth(w˜) 6 depth(w) and
∑r
i=1
(
weight(wi)− 1
)
+
weight(w˜) = weight(w).
(ii) Each Ad
Φ
(ξ)
p,α
(eξ)[w] is a Z-linear combination of products
(∏r
i=1 AdΦ(ξi)p,α
(eξi)[wi]
)
Cf0(
pαz
z−ξ
(
Reg
∫
p,α(w˜)
)
and
(∏r′
i′=1 AdΦ(ξ
′
i′
)
p,α
(eξ′i′ )[w
′
i′ ]
)
Cf0(
zp
α
zpα−ξpα
(
Reg
∫
p,α(w˜)
)
where the ξi’s and ξ
′
i′ ’s are in µN (K), the
wi’s and w
′
i′ ’s are words on e0∪µN of depth > 2, r ∈ N, and w˜ is a word on e0∪µN∪µ(p
α)
N
such that∑r
i=1
(
depth(wi)− 1
)
+ depth(w˜) 6 depth(w) and
∑r
i=1
(
weight(wi)− 1
)
+weight(w˜) = weight(w).
Proof. (i) follows by induction on the depth from Proposition 4.1.3 and Proposition 4.2.2, noting that
equation (4.2.1) is homogeneous for the weight and depth, in a sense which agrees with the shift explained
before the statement : in the first line of (4.2.1), we have, for all (w1, w2), weight(w) = (weight(w1) −
1)+weight(w2)+weight(e
ld+l0
0 eξ(pα)) and depth(w) = (depth(w1)− 1)+depth(w2)+depth(e
ld+l0
0 eξ(pα))
and, in the second line of (4.2.1), weight(w) = weight(end−1+l00 eξd) + weight(e
nd−1−1
0 · · · e
n1−1
0 eξ1) and
depth(w) = depth(end−1+l00 )+depth(e
nd−1−1
0 · · · e
n1−1
0 eξ1). The fact that the wi’s can be chosen of depth
> 2 follows from the fact that the only non-zero coefficient of Ad
Φ
(ξ)
p,α
(eξ) in depth 6 1 is AdΦ(ξ)p,α
(eξ)[eξ] =
1, for any ξ ∈ µN (K).
(ii) Follows from (i) by induction on the weight, using equation (4.1.4). 
Corollary 4.3.2. For any d, There exists κd, κ
′
d, κ
′′
d ∈ R
∗
+ such that, for any word w of weight n and
depth d over e0∪µN , we have vA(Uan)
(
Li†p,α[w]
)
> n− κd − κ′d log(n+ κ
′′
d) and vp
(
Ad
Φ
(ξ)
p,α
[w]
)
> n− κd −
κ′d log(n+ κ
′′
d) where, for f ∈ A(U
an), vA(Uan)(f) is defined by ||f || = p
−vA(Uan)(f).
Proof. This follows by induction on d from Corollary 4.3.1, in which we note that r 6 depth(w), Propo-
sition 3.3.1, equations (3.2.9), (3.2.10), (3.2.11), (3.2.12) which describe the multiplication by Cf0
(
z
z−ξ
)
and Cf0
(
zp
α
zpα−ξpα
)
in LASα(Z
(N)
p ,K), and the bounds on the valuations of the coefficients B, which
appear in those equations, in Lemma 3.1.3. 
The Corollary 4.3.2 implies the theorem, knowing that, at d fixed,
n− κd − κ
′
d log(n+ κ
′′
d) −→n→∞
∞
Appendix A. Recasting a theorem of Mahler as a characterization of an affinoid
subspace of P1,an/K, preliminary to §3, §4
This section is an interpretation of a classical theorem of Mahler in terms of rigid analytic spaces. The
result (Proposition A.0.4) is a characterization of the K-Banach space A(Uan) (Notation 1.2.4) in terms
of the power series expansion at 0 of its elements.
Let L be a Qp-Banach space. The sequence of Mahler coefficients of a sequence (cm)m∈N ∈ LN,
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or more generally, of a function c : Zp → L for which we denote by cm = c(m), is the sequence( m∑
j=0
(−1)j
(
m
j
)
cm−j
)
m∈N
∈ LN. The following statement is a classical theorem of Mahler [M] ; the
formulation which we reproduce can be found, as well as a simple proof, in [Cz], Theorem 2.8 : The map
LN → LN which sends a sequence to its Mahler coefficients induces an isometry between C(Zp, L) equipped
with the norm of uniform convergence and the space l∞0 = {(c
′
m) ∈ L
N | c′m −→m→∞
0} of sequences tending
to 0, equipped with the norm ||.||∞. In particular, a map N∗ → L can be interpolated by an element of
C(Zp, L) if and only if its sequence of Mahler coefficients tends to 0.
Notation A.0.1. For any L a K-Banach space andM a metric space we denote by C(M,L) theK-vector
space of continuous functions M → L.
Notation A.0.2. For any f ∈ A(Uan), and m ∈ N, the coefficient of degree m in the power series
expansion of f at 0 is denoted by f [zm].
We explain a relation between Mahler’s theorem, rigid analytic functions and P1 \ {0, 1,∞}. Let
the operator (z 7→ zz−1 ) : L
N → LN defined as the conjugation of the automorphism
∑
m∈N cmz
m 7→∑
m∈N cm
(
z
z−1
)m
of L[[z]] by the natural isomorphism L[[z]] ≃ LN. A simple computation shows the
following :
Lemma A.0.3. For all (cm) ∈ LN,
(
(z 7→ zz−1
)
c
)
m
=
{
c0 if m = 0
(−1)m
∑m
m′=0(−1)
m′
(
m−1
m′−1
)
cm′ if m > 0
.
The Proposition below is a new formulation and a new proof of Proposition 1 in [U1], §5. We use
Notation A.0.2. We recall that A(Uan) is equipped with the norm defined by ||
∑
amz
m|| = supm∈N |am|p.
Let Z
(N)
p = lim←−
l→∞
Z/NplZ ≃ Z/NZ × Zp, this isomorphism being an homeomorphism where Z/NZ is
equipped with the discrete topology. Thus, Z
(N)
p is the disjoint union of N copies Zp, regarded as the
closures of m0 +NN, m0 ∈ {1, . . . , N}, respectively.
Following [Ko], §2, let, for z ∈ Uan(K), for all u ∈ N∗ : µz,N (n + p
uNZp) =
zn
1− zpuN
, n ∈
{1, . . . , puN} (when z = ∞, this is −1 if n = puN and 0 otherwise). This defines a measure on Z
(N)
p .
The integral of c ∈ C(Z
(N)
p , L) with respect to µz,N is
∫
Zp
cµz,N = lim
u→∞
puN∑
r=1
c(r)µz,N (r + p
uNZp). The
statement below gives a new formulation and proof to Proposition 3.0.3 of [U2], §3.
Proposition A.0.4. For any complete complete field extension L of K, we have an isometric isomor-
phism of Banach spaces over K
{f ∈ A(Uan)⊗K L | f(0) = 0}
∼
−→ C(Z(N)p , L)
defined by
(A.0.1) Cf0 : f 7→ the interpolation of (m ∈ N
∗ 7→ f [zm] ∈ L)
whose inverse is
(A.0.2) Cf−10 : c 7→ the map (z 7→
∫
Z
(N)
p
cdµz,N
)
Proof. (a) By definition, we have {f ∈ A(Zanp ) ⊗Qp L | f(0) = 0} = {
∑
m∈N cmz
m | cm ∈ LN, cm −→
m→+∞
0}. We apply to this equality the map z 7→ zz−1 .
On the one hand, since z 7→ zz−1 is the unique homography that sends (0, 1,∞) 7→ (0,∞, 1), it in-
duces an involutive isomorphism between Uan = (P1,an − B(1, 1))/Qp and the rigid analytic unit disk
Zanp = (P
1,an − B(∞, 1))/Qp, and induces an isomorphism between {f ∈ A(Zanp ) ⊗Qp L | f(0) = 0} and
{f ∈ A(Uan) ⊗Qp L | f(0) = 0}, and the formula in Lemma A.0.3 implies easily that this map is an
isometry.
On the other hand, by Lemma A.0.3 and Mahler’s theorem, the same map induces an isometric iso-
morphism between {
∑
m∈N cmz
m | cm ∈ LN, cm −→
m→+∞
0} and {
∑
m∈N cmz
m | cm ∈ LN,m 7→ cm ∈
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C(Zp, L)}.
Thus, the map z 7→ zz−1 sends the equality with which we started to the statement that the map Cf0
is a linear isometry {f ∈ A(Uan ⊗Qp L) | f(0) = 0}
∼
−→ C(Zp, L).
(b) We first prove that is f ∈ A(Uan) ⊗K L, has power series expansion
∑
cmz
m at 0, then the map
m 7→ cm interpolates to an element of C(Z
(N)
p , L).
The elements of A(Uan)⊗K L are the uniform limits of sequences of rational fractions over P1 whose
poles are in ∪ξ∈µN (K)B(ξ, 1) ; moreover, the uniform norm ||f ||p = supz |f(z)|p is equivalent to our chosen
norm ||
∑
amz
m|| = supm |am|p. Thus, by density, it is enough to prove that the statement is true for
these rational fractions. Without loss of generality, we can assume L algebraically closed.
We are reduced to prove the statement for a function f(z) =
1
(z − z0)ν
with z0 ∈ B(ξ, 1) for a certain
∪ξ∈µN (K) and ν ∈ N
∗. (Indeed, the polynomial part of a partial fraction decomposition of a rational
function in A(Uan)⊗K L is necessarily constant, because such a rational fraction is bounded at ∞.) We
have ξ−1z0 ∈ B(ξ, 1) and
1
(z − z0)ν
=
ξ−δ
(ξ−1z − ξ−1z0)ν
= f(ξ−1z) where f ∈ A(P1,an \B(1, 1))⊗Qp L.
By (a), letting f =
∑
m∈N cmz
m be the power series expansion of f at 0, the map m ∈ N∗ 7→ cm ∈ L
defines an element of C(Zp, L). We have f(ξ−1z) ==
∑
m∈N cmξ
−mzm and, since m 7→ ξ−m is constant
on each class of congruence modulo N , we deduce the map m ∈ N∗ 7→ cmξ−m ∈ L defines an element of
C(Z
(N)
p , L).
This proves that the map defined in (A.0.1) sends A(Uan) ⊗K L | f(0) = 0} to C(Z
(N)
p , L). The fact
that it is an isometry its injectivity follow from its definition.
(c) Let c ∈ C(Z
(N)
p , L). For all z ∈ Uan(L). We have
∫
Zp
cdµz,N = limu→∞
∑Npu
m=1
c(m)zm
1−zNpu
=
limu→∞
∑+∞
m=1 c(m mod Np
u)zm where m mod Npu is the unique integer in {1, . . . , Npu} congruent
to m modulo Npu and the limit is in L.
Since Z
(N)
p is compact, c is uniformly continuous ; this implies that the sequence (
∑+∞
m=1 c(m mod Np
u)zm)u∈N
is Cauchy for the norm ||.||∞ on the bounded elements of LN. Moreover,
∑+∞
m=1 c(m mod Np
u)zm =∑pu
m=1
c(m)zm
1−zNpu
is a rational function over P1 whose poles are in ∪ξ∈µN (K)B(ξ, 1).
Given that A(Uan) is the space of uniform limits of rational functions over P1 whose poles are in
∪ξ∈µN (K)B(ξ, 1), and that the uniform norm ||f ||∞ = supz |f(z)|p is equivalent to our chosen norm on
A(Uan), the sequence (
∑+∞
m=1 c(m mod p
u)zm)u∈N, sequence converges to an element of A(U
an)⊗ L.
Moreover, the limit in question is the element defined by
∑+∞
m=1(limu→∞ c(m mod Np
u))zm =
∑∞
m=1 c(m)z
m.
This implies that the map defined in (A.0.2) is a map C(Zp, L) → {f ∈ A(Uan ⊗Qp L) | f(0) = 0},
inverse of the map defined in (A.0.1). 
Remark A.0.5. By considering quotients, Proposition A.0.4 gives a statement on Tate algebras in one
variable. Further, by gluing affinoid curves, it gives a surprising alternative description of rigid analytic
curves over Qp. We will develop this remark as well as its generalization to more general rigid analytic
spaces in another paper.
Appendix B. An adelic interpretation of the computation
Our proof of the main theorem also gives, aside bounds on norms, a inductive way to compute over-
convergent p-adic multiple polylogarithms and p-adic cyclotomic multiple zeta values. This appendix
answers to the question of characterizing which type of formula we obtain and, at the same time, to the
question of finding a p-adic analogue of the type of series appearing in equation (0.1).
The following numbers will play a central role in our explicit theory of p-adic cyclotomic multiple zeta
values.
Definition B.0.1. We call prime weighted cyclotomic multiple harmonic sums the numbers
harpα
(
(ni)d; (ξi)d+1
)
= (pα)n1+...+ndhpα
(
(ni)d; (ξi)d+1
)
The prime weighted cyclotomic multiple harmonic sums satisfy an inequality ”valuation > weight” :
Lemma B.0.2. We have vp
(
harpα
(
(ni)d; (ξi)d+1
))
>
∑d
i=1 ni.
Proof. We split the domain of summation {(mi)d ∈ N
d | 0 < m1 < · · · < md < p
α} of multiple harmonic
sums (equation (1.1.3)) into the disjoint union of two subsets : first, the subset characterized by pα−1|ni
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for all i, whose contribution to the multiple harmonic sum is exactly harp
(
(ni)d; (ξ
pα−1
i )d+1
)
which has
valuation >
∑d
i=1 ni, and, secondly, its complement, whose contribution has higher p-adic valuation. 
The formulas obtained by our proof can be written in terms of prime weighted multiple harmonic
sums. However, since they are only elements of the N -th cyclotomic field which plays the role of a field
of coefficients, in order to be able to talk about ”linear combinations” of them without having them
absorbed in the field of coefficients, we consider all values of p and α at the same time. Let us denote by
K = Kp, and let PN be the set of prime numbers which do not divide N .
We note that the constants κd, κ
′
d, κ
′′
d of Corollary 4.3.2 can be chosen independent of p (this follows
from the fact that − dlog(p) and −
d
log(p) log
(
d
log(p)
)
, which appear in Proposition 3.3.1, are lower bounded
uniformly in p). Let CN be the N -th cyclotomic field, which we regard as included in all Kp, p ∈ PN .
We denote by ̂O
x,e0∪µN ,d
Bound(d) the set of formal infinite sums
∑
n∈N wn where wn is a CN -linear combination
of words of weight n and depth 6 d with coefficients in {x ∈ CN |∀p ∈ PN , vp(x) > −κd−κ′d log(n+κ
′′
d)}.
Definition B.0.3. We fix a positive integer d. Let ĤarPN∗
N
,d be the Z-module defined as the image of
the map ̂O
x,e0∪µN ,d
Bound(d) →
∏
(p,α)∈PN×N∗
Kp which sends
∑
n>0
wn 7→
( ∑
n>0
harpα(wn)
)
(p,α)∈PN×N∗
.
Lemma B.0.4. The series
∑
n>0 harpα(wn) as above are convergent in Kp, uniformly with respect to p,
α, and
∑
n>0 wn) in PN , N
∗ and ̂O
x,e0∪µN ,d
Bound(d) respectively. In particular, for any n0 ∈ N, the reduction of
Ĥar
6d
PN
∗
N
modulo (pn0)(p,α)∈PN×N∗ is a finitely generated Z-module.
Proof. The first part of the statement follows from Lemma B.0.2. It implies that, for any n0 ∈ N∗,
we have
∑
n>0 harpα(wn) ≡
∑n1
n=0 harpα(wn) mod p
n0 where n1 can be chosen uniformly in p, α and∑
n>0 wn. 
We will state a notion formalizing the sequences (harpα(w))(p,α) in [J.II-1]. The kernel of the map in
Definition B.0.3 will be studied and formalized in [J.II-1], [J.II-2], [J.II-3].
In the next Proposition, we take the convention that, for r0 ∈ N∗, n ∈ N∗, ξ ∈ µN (K), hr0(n, ξ) =
ξr0r−n0 (this is compatible with equation (1.1.3) which involves only indices of the type ((ni)d, (ξi)d+1)).
Proposition B.0.5. (i) Any sequence
(
Ad
Φ
(ξ)
p,α
(eξ)[w]
)
(p,α)∈PN×N∗
with w a word over e0∪µN of depth
d, ξ ∈ µN (K), is an element of ĤarPN∗
N
,d.
(ii) Let a word w ∈ Ox,e0∪µN , l ∈ N and ξ ∈ µN (K). We have
(
(Cf0 Li
†
p,α[w])
(l,ξ)(0)
)
(p,α)∈PN×N∗
∈
ĤarPN∗
N
,d and there exist words w
′
i ∈ O
x,e0∪µN of depth ≤ d (i in a finite set I) and elements hw,l,ξ and
hw,l,ξ,i in ĤarPN∗
N
,d, such that, for all r0 ∈ N
∗,
(
(Cf0 Li
†
p,α[w])
(l,ξ)(r0)
)
(p,α)∈PN×N∗,pα>r0
is the image of
hw,l,ξ+
∑
i∈I hw,l,ξ,i.(harr0(w
′
i))(p,α)∈PN×N∗ by the canonical projection
∏
(p,α)∈PN×N∗
Kp ։
∏
(p,α)∈PN×N
∗
pα>r0
Kp.
Proof. The statement (ii) is actually true for the regularized iterated integrals of §3, by induction on the
depth using Proposition 3.2.6. This implies (i) and (ii) by Proposition 4.1.3. 
We note that we have not encountered in our computation the p-adic cyclotomic multiple zeta values,
which are coefficients of Φp,α, but, instead, the coefficients of AdΦ(ξ)p,α
(eξ), ξ ∈ µN (K). This goes back to
Lemma 2.1.2. Actually, by the formal properties of the Frobenius, the coefficients Ad
Φ
(ξ)
p,α
(eξ), ξ ∈ µN (K)
are the versions of p-adic cyclotomic multiple zeta values that arise naturally if we want to make an explicit
theory. We will formulate all our subsequent papers, including [J.I-2], [J.I-3], [J.II-1] [J.II-2] [J.II-3], as
an explicit theory of the numbers Ad
Φ
(ξ)
p,α
(eξ), ξ ∈ µN (K), which will be formalized in [J.II-1]. The
simple correspondence between the coefficients of Φp,α and those of AdΦ(ξ)p,α
(eξ), ξ ∈ µN (K) is explained
in a separated paper [J.Assoc], from the point of view of the theory of associators. Let us just give the
simplest example, which corresponds to the ordinary p-adic zeta values, of both this correspondence and
our computation.
Example B.0.6. (Depth one (d=1) and P1 \ {0, 1,∞} (N=1)).
For n ∈ N∗, we have decp,α(e
n−1
0 e1) = e
n−1
0 (e1 − e1(pα)) : this follows from Definition 4.1.2, Lemma
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4.2.1 and the fact that Φ−1p,α[e
l
0] = 0 for all l ∈ N
∗ (this last fact is proved for α = −1 in [U2], equation
(4.1.2), and the proof works for any α ∈ N∗). This implies by Proposition 4.1.3 that, for all n ∈ N∗,
Li†p,α[e
n−1
0 e1](z) = (p
α)n
∑
m>0
pα∤m
zm
mn , and, by Proposition A.0.4 :
Li†p,α[e
n−1
0 e1](z) = (p
α)n
∫
Zp
1pα∤m
mn
dµz(m)
where 1pα∤m is the characteristic function of the set {m ∈ Zp |vp(m) < α}. This generalizes Koblitz’s
formula −
1
p
logp
(
(1− z)p
1− zp
)
=
∫
Z∗p
dµz(x)
x
([Ko] §5, Lemma 1) and Coleman’s formula ([Co], Lemma 7.2
p. 202) which is, with our notations, Li†p,1[e
n−1
0 e1] = p
n
∫
Z∗p
dµz(x)
xn
.
If n > 2, we also have (Φ−1p,αe1Φp,α)[e
n−1
0 e1] = 0 (this follows from Φ
−1
p,α[e
n−1
0 ] = 0). For l, n ∈ N
∗, we
have (Φ−1p,αe1Φp,α)[e
l
0e1e
n−1
0 e1] = Φ
−1
p,α[e
l
0e1e
n−1
0 ] = (−1)
n+lΦp,α[e
n−1
0 e1e
l
0] = (−1)
n
(
l + n− 1
l
)
Φp,α[e
n−1+l
0 e1]
(the first equality follows from Φ−1p,α[e
l
0] = 0, the second one follows from the formula for the antipode
of shuffle Hopf algebras (§1.1.1) and the third one from equation (1.1.1)). In particular, for n1 > 2,
ζp,α(n1) = −Φp,α[e
n1−1
0 e1] =
(−1)n
n− 1
(Φ−1p,αe1Φp,α)[e0e1e
n−1
0 e1]. One can prove that dec(e1e
n−1
0 e1) =
e1e
n−1
0 (e1 − e1(pα)) and dec(e0e1e
n−1
0 ) = (−1)
n−1nen0 (e1 − e1(pα)), and deduce that :
(B.0.1) ζp,α(n) =
1
n− 1
∑
l∈N
(
−n
l
)
Bl harpα(n+ l − 1)
Let Lp be the p-adic L-function of Kubota-Leopoldt and ω be the Teichmu¨ller character. The equation
(4) p. 173 of [Co] is equivalent to ζp,1(n) = p
nLp(n, ω
1−n) for all n ∈ N∗, via [F2], Example 2.10 (1).
Replacing ζp,1(n) by p
nLp(n, ω
1−n) in the α = 1 case of (B.0.1), we recover the Theorem 6.6 of [R]. We
note that the pole at s = 1 of the p-adic L-function of Kubota-Leopoldt is visible on that formula.
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